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Monte Carlo Simulation and Random Number
Generation
RODNEY F. W. COATES, SENIOR MEMBER,IEEE,GARETH J . JANACEK,
KENNETH V. LEVER, MEMBER,IEEE

Abstruct-This paper discusses methods of generating pseudorandom number sequences which may have predetermined spectral and
probability distribution functions. Such sequences are of potential value
in Monte Carlo simulation of communication, radar, and allied systems. The methods described here are particularly suited to implementation on microcomputers, are machine portable, and have been subjected to exhaustive investigation by means of both statistical and
theoretical tests.

I. INTRODUCTION
MAGINE that it is required to determine the area of a
piece of paper-a page torn raggedly from a book, for
example. Fix the paper to a larger dart-board of known
diameter and, blindfolded, commence to throw darts at
the board. Keep the total of both the number of throws
which hit the board and the number of throws which hit
the paper. The area of the paper is then readily calculated
as the product of the area of the dart-board and the ratio
of the number of hits on the paper to the number of hits
on the board.
This illustration is, of course, almost trivial. However,
it highlights several features of the Monte Carlo approach. At the most fundamental level, we note that our
actual problem,finding an area, was subsumed into a less
specific class of problems involving the evaluation of a
statistical measure, in this instance finding an average.
Furthermore, the requirement that the darts be thrown
“blind” carries with it some presumption concerning impartiality.
Several further questions then follow. How may we
compute random deviates? What will be their distribution
as computed? How may their distribution be shaped to
serve particular needs? Which of their statistical properties are of significance and how may those properties be
tested? Are the properties machine dependent? Indeed,
how important is true randomness, anyway, when we note
that a purely deterministic and regular sampling of the
dart-board surface would serve also to allow us to compute area?
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11. TUTORIALON RANDOMNUMBERGENERATION
Whatever sophisticated extensions of method we may
subsequently discover, Monte Carlo simulation is based
upon the generation of nominally uniformly distributed,
pseudorandom variates and on the weighting of such
variates to establish other required distribution functions.
Application of the Monte Carlo method to a wide range
of physical problems, together with discussions of various
approaches to enhancing computational efficiency, are to
be found in, for example, the standard text by Hammersley and Handscombe [ 11.
One technique for substantially reducing computational
time in Monte Carlo simulation is known as importance
sampling. Papers by Shanmugan and Balaban [2], Jeruchim [3], [4], and Davis [5]review and extend the method
of importance sampling in the estimation of error rate in
communication systems. Similarly, papers by Lank [6]
and Mitchell [7] discuss application of this technique to
radar system false alarm rate evaluation. In all instances,
however, the need remains for rapid, reliable, well-tested,
and machine portable pseudorandom number generators
and it is to this problem that this paper is addressed.
One commonly used technique for generating pseudorandom variates is the congruential method [8] which may
be defined by the algorithm
x, = a

- x,-* + b (mod c);

U, =

x,/c.

This algorithm generates pseudorandom variates U,,over
the interval 0 < U, < 1, which are substantially uniformly distributed; we say that the random process is U( 0,
1). The algorithm computes the ith value of the intermediate variable x, from its predecessor by multiplying the
value of the predecessor by a (large) number a , adding
another (large) number b, and repeatedly subtracting a
third (large) number c. Since the repeated subtraction
means that the x, must lie between zero and c - 1, division by c will produce the required U,: if c is sufficiently
large, ( c - l ) / c will be close to unity. Although U, is
strictly discrete, if a , b, and c are indeed large, the number sequence adequately models, on the digital computer,
a continuous random variable. This may be denoted as U
and is statistically described by its probability density (or
distribution) function
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0

q ( u ) = 1;

IU I 1

elsewhere.

=0

The constant term b should be relatively prime to c. Both
the multiplier a and the constant b are selected so that
statistical properties of the generated sequence xi are as
desired, namely that the repetition period of the sequence
is as long as possible and that the speed of generation is
as high as possible. The choice of the modulus c is determined by the base and capacity (numerical range) of the
computer being used. These criteria clearly tell us that the
congruential algorithm is not machine portable, at least
in the form that is given above. Portability and other aspects of random number generation are subjects to which
we shall return in Section 111.
Having obtained a method, however basic, for computing a uniformly-distributed sequence, we may inquire
as to how this sequence may be used to generate pseudorandom variates with some other distribution function.
Suppose that we wish to establish a new random variable v with distribution p ( U ) ; we shall assume that p ( U )
is a continuous function of U . One method is to calculate
v from U by a functional transformation v = f ( U). This
can be obtained by means of an argument employing the
cumulative distribution function (cdf)

P ( C ) = Pr(v
=

Ic

]

=

Pr( f ( u )

Ic }

Pr(u i f - l ( c ) } =f-'(c)

since the cdf of a U(0, 1 ) variable is just the identity on
the interval [0, 1 1. Thus, we have the inverse probability
integral transform

v =f

(U) =

P-'(u>

equivalent to the relationship
u =

s"

p ( v ' ) * dv' = P(v).

-W

In some cases, this relationship will yield an expression
which may be inverted explicitly in terms of elementary
functions, thereby giving v as a function of U , as required.
By way of example, consider the one-sided exponentially distributed pseudorandom variate, which has been
used in communication engineering for modeling the
postdetection distribution of narrow-band noise. We may
proceed directly from a knowledge of P ( v )
u = ~ ( v=) 1 - u-l exp ( - U / . )

=o

v >

o

v < o

where both the mean and rms signal levels are given by
U. We can invert this relation to find
v=a*ln(l/(l

-U))

O I U < l .

For less tractable probability distributions, we may need
to resort to numerical evaluation of the integral and sub-
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sequent table lookup or a numerical approximation by
curve fitting. Thus, computation of normally distributed
(Gaussian) pseudorandom variates of zero mean and unity
standard deviation may be achieved by applying the transformation obtained by the lambda distribution method [9]
U, =

4 . 9 1 ( ~ : . ' ~- ( 1 -

0.14
~ i )

).

The accuracy of the method, which produces Gaussian
variates in the range I vi I < 4.91 becomes somewhat degraded for I vi l < 2.4, and the execution is slowed down
by the lengthy exponentiation process. The algorithm is
therefore not a particularly good one and a number of improvements have been discugsed in the statistical literature; we refer to these briefly in Section IV.
111. DESIGNOF PORTABLEUNIFORMRANDOMNUMBER
GENERATORS
The development of uniform random number generators for mainframe computers, as chronicled, for example, by Knuth [lo], appears to have been fraught with
difficulties. Many generators-some still in current usehave been shown to be inadequate with respect to the various tests of randomness that can be applied. The same
problems have been encountered in attempting to transfer
Monte Carlo analysis from the mainframe to the desk-top
minicomputer and the engineering workstation.
These problems were recently overcome, however, by
the publication by Wichmann and Hill [ l l ] , [12] of an
exceptionally effective algorithm suitable for 8- and 16bit machines. The algorithm has two attractive properties.
First, the algorithm is so simple and the code so short that
it is easily transportable from machine to machine, whatever the language or operating system. The Fortran code
is given in Appendix A. Furthermore, and equally importantly, the algorithm is very reliable in that it passes all
of the large battery of statistical tests reportedly applied
to it. We shall not, however, be concerned with such tests
and we refer the interested reader again to Knuth [lo].
We have good reason for rejecting statistical tests: Knuth
has convincingly argued that statistical tests are not
enough, and that theoretical tests should also be applied
where possible. This argument has some force: for generators that appear to be satisfactory by passing statistical
tests (on the sequence of numbers produced by the generator) can be shown to be poor by failing theoretical tests
(on the structure of the algorithm). Particularly powerful
in this respect is the spectral test, first developed by
Coveyou and MacPherson [13] and we will give a brief
account of its formulation and use.
Our own contribution [14] to this subject has been to
show how the Wichmann-Hill algorithm, a combination
of three not particularly good generators, achieves its high
performance. We have two ways of modeling the behavior of the algorithm. The first makes use of a statistical
central limit argument originally developed to analyze the
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flatness of quantizing noise spectra under very general
ons [15], [16]. This results in a convincing explanation of why the performance is so good with only three
subgenerators. But the greater insight is obtained by
means of an entirely different approach employing number theory. We show that the Wichmann-Hill composite
generator is equivalent to a single linear congruential generator with a period very much longer than that of any of
its constituent generators. The equivalent single generator
would not be directly implementable on the 8- or 16-bit
machines for which the Wichmann-Hill generator was designed, and we can regard this decomposition into
“smaller” subgenerators as an example of the “divideand-conquer’ ’ [ 171 strategy currently popular in computing science.
The increased length of the equivalent single generator
in itself provides an intuitive understanding of the origin
of the algorithm’s excellent performance, but there is a
much more important repercussion: we are able to apply
the Coveyou-MacPherson spectral test to the WichmannHill algorithm, where previously it was thought inapplicable. In this way we show that the algorithm is very
good indeed, satisfying the criteria advocated by Knuth
and passing the test with flying colors. Furthermore, our
improved understanding of the structure of the algorithm
allows us to design over 100 new generators of the Wichmann-Hill type, which exhibit much the same high performance. Thus, we can say that the original version of
the algorithm is, for all practical purposes, optimal within
this class. It is also rather easy to design Wichmann-Hill
type algorithms for 32- and 64-bit machines; we give an
example of one such design, together with the results of
the spectral test confirming its high performance.
The Wichmann-Hill scheme makes use of three inferior
linear, multiplicative, congruential generators

4 =wl(modP)

z, = cz, -

Yl

= by,-,(mod 4 )

I

(XJP

Fig. 1. Wichmann-Hill constituent pdf

It is well known (see, for example, 1181, [19]) that the
fractional part of the sum of K independent U ( 0, 1 ) random variables is also U ( 0, 1 ). It is also clear that if the
constituent variables are not quite uniformly distributed,
then the fractional part of their sum will be more nearly
uniform. This is one way of looking at the efficacy of the
Wichmann-Hill algorithm.
We model the pdf‘s, p,,( U ) , of the constituent, nearly
uniformly distributed sequences as linear combinations of
a perfectly uniform component U ( U ) and pertubation
components E , ( U ) on the interval [ 0, 1 ]
- A n ) .(U)

+

AnEn(U)

P , ~ ( V ) and

its perturbation pdf

€,(U).

f o r n = 1, 2,
* , K . These relationships are depicted
in Fig. 1.
By putting A, = min { 1 - p, ( U ) } in the interval [ 0,
1 ] we ensure that E , ( U ) is also a pdf, and we are then able
to show that the relevant measures of uniformity are logarithmic (due to the exponential-with-N approach to central-limit uniformity), so that the departure from uniformity of the constituent distributions is given by the
logarithm (base 10) of the geometric mean of the h ,

F

=

1-

(log (IIh,)l’K( = 1
K

log ( h,)l.

A similar logarithmic measure is used to characterize the
departure from uniformity of the resultant composite pdf,
which is roughly sinusoidal, peaking near to U = 1/2 and
falling to a minimum near the extremes U = 0 and U =
1. The ratio r ( K ) of maximum to minimum, for K constituents, is very close to unity, so we define the departure
from uniformity F ( K ) as
F ( K ) = llog ( 1

-

r(K))l.

It turns out that we can find a very simple, general criterion relating K to these measures of uniformity, and to the
average 0 of the mean-square values of the perturbation
distributions
l K
e =C
Kn=i

+ Y l / 4 + Z I / 4 (mod 1 ) .

P ~ ( u =) (1

1

0

(mod r )

wherep, q , and r a r e distinct primes. These are then combined to provide a normalized sequence confined to the
interval [0, 11 as follows:
U, =

t

+ p.cf).

Using the “ceiling” notation r x 1 to indicate the nearest
integer higher than x, we obtain the result that, taking

K

=

r((0.602

+ F(K))/(8.578 + F ) ) 1

ensures that K nearly uniform distributions, flat within
on average, will provide a Wichmann-Hill resultant
flat to within 10-F‘K’, where 8 is the mean-square perturbation value, averaged over the ensemble of perturbation
components.
It is not difficult to show that the worst case occurs when
each perturbation consists of a single spike or “glitch” at
U = b,; we have p, = b,, and a,, = 0. The case where the
expectation E { p,} = 0 is certainly the worst case, as 8
then takes its minimum value (zero), so that K takes its
maximum value. Even with F as large as 2 ( 1 percent
departure from uniformity) only K = 4 subgenerators are
required to ensure F ( K ) = 7; that is, overall uniformity

~

61

COATES er al. : MONTE CARLO SIMULATION AND RANDOM NUMBER GENERATION

to within 0.00001 percent. Less extreme cases can be
shown to achieve the same result with only three subgenerators-a result that appears to be virtually independent of the character of the perturbation distribution.
Thus, we obtain a theoretical result in conformity with the
choice K = 3 made on an empirical basis by Wichmann
and Hill.
We now consider the alternative, number theoretic
model of the Wichmann-Hill algorithm. It can be shown
[ 141 that the Wichmann-Hill generator can be modeled as
a single multiplicative, linear congruential generator

w, = (qrM,a

+ prM2b + pqM3c) w,_,(mod M )

where M = pqr and MI, M2,and M3 are chosen so that

qrMl = 1 ( m o d p )
pqM3

prM2

= l(mod q )

xi = 17 lx, - (mod 30269)

yL= 172y,- I (mod 30307)

= 1702,- I (mod 30323 )

and
~i

= 16,555,425,264,690~~1

- (mod 27,817,185,604,309).
Since M = pqr is composite, the period of this generator
is not M z 2.8 x loi3,but X ( M ) = lcm(p - 1, q - 1 ,
r - 1 ). Since
p - 1 = 30268 = 22.7.23.47
q - 1 = 30306 = 2.3.5051

r

-

1 = 30322 = 2.15161

we have

X (M ) = 22.3.7.23.47.5051.15161
z 7.0 x 10l2
which should be long enough for most purposes. Notice
the correction to the algorithm as presented in [l 11 to be
found in [12] concerning the length of the period; this
does not affect the validity of the algorithm.
The spectral test, as its name implies, is based on a kdimensional Fourier transform of generated samples taken
k at a time. The derivation of the theory behind the test is
beyond the scope of this paper; details can be found in
Knuth [lo]. The basic idea is that all pseudorandom generators, being finite-state machines, exhibit periodicity in
the space of k-tuples, while genuinely random generators
would not. This periodicity is manifested by the k-tuples
lying on hyperplanes given by the expression
X I -t aX2

+

+ x:)"2).
Since l/vk is the maximum distance between hyperplanes, a good generator would exhibit least granularity
if it had very large values of vk. Knuth suggests the design
criterion

He also suggests that the number of k-tuples falling in the
k-dimensional ellipsoid surrounding the origin is a measure of the k-dimensional randomness. Since this is proportional to the volume of the ellipsoid

= 1 (mod r ) .

For the original Wichmann-Hill generator we have

zl

isfactory with respect to lower dimensional criteria. It can
be shown that the smallest nonzero wave number in the
spectrum of k-tuples is given by

U2X3

+

* '

*

-t Uk-lXk = O(mod X ( M ) ) .

It is the lack of this rather subtle higher dimensional regularity that has been the downfall of many generators sat-

cLk =

7r k/2V:
( k / 2 ) !X ( M )

the larger the value of pk, the better. Knuth recommends
pk > 0.1; the generator is very good if pk > 1 . (Note that
we are using pk here in a different sense to the previous
use as the mean of the perturbation distribution.)
Fig. 2 gives a comparison of the Wichmann-Hill generator and selected linear congruential generators available on mainframes. As can be seen, the performance is
excellent-almost as good as a mainframe generator with
modulus 248. LCG(32) refers to the linear congruential
generator with a = 69060, M = 232.Similarly, cCG(35)
refers to the case a = 19935388837, M = 235;and
LCG(48) to the case a = 31 167285, M = 248.These data,
for the linear congruential generators, are taken from
Knuth [lo]. The Wichmann-Hill case (W-H) is shown
here, and elsewhere in what follows, as open circles.
Other generators of the Wichmann-Hill type can be
found easily by restricting the primes p , q, and r to the
1 wherep*, q*, and
form2p* + 1 , 2q* + 1 , a n d 2 r *
r* are also prime. This gives maximal period, as the lcm
o f p - 1 , q - 1 , and r - 1 is then 2p*q*r*. A search
has revealed 16 suitable primes, together with the corresponding primitive elements used as multipliers. Of the

+

(y )

= 560

possible cases about 80 percent can be dismissed as having multipliers which are factors of the moduli or as being
defective in other ways, leaving over 100 good generators
with p k > 1 for k = 2, 3, 4, 5, 6 that convincingly pass
the spectral test. All these cases have similar performance
to the original Wichmann-Hill generator, which is therefore as good a representative of this class of good generators as any other.
Similar ideas can be used to extend the design to generators suitable for 32- or 64-bit machines. The following
example just outperforms the original Wichmann-Hill in
respect to v values and only falls a little below ,uk = 1 for
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OLCG(32)

AI.CG(351

mLCGI48)

of this generator to that of the original Wichmann-Hill
generator.

0 W-H

26
24
22
20
18
16
14
12
10

8

' :
2
0

i

15

2

2 5

3

35

4
k

4 5

5

6

55

65

7

(a)
0 LCGi32)

ALCG(35)

mLCG(481

0 W.H

6
5 5
5
4 5
4
3 5
3

25
2
1 5
1

5
0
1

2

1 5

2 5

3

3 5

4

4 5

5

6

55

65

7

k

(b)
Fig. 2. The spectral test: comparison between Wichmann-Hill and mainframe generators: (a) log v, versus k ; (b) p A versus k .

IV. NONUNIFORM
RANDOMNUMBERGENERATORS
In this section we address two problems: how to design
generators with specified first-order (marginal) probability distributions; and how to do the same thing when both
the first-order distribution and the power spectrum are
specified. The first problem has been intensively studied
and a large number of solutions proposed. In general,
there are three methods available:
1) inversion, exact or approximate
2) rejection techniques
3 ) composition techniques.
A good review of these methods can be found in [20],
and we will not discuss the general case further. We shall
concentrate instead on the example of the Gaussian case,
for two reasons: it serves to illustrate the basic ideas and
leads us to the starting point for tackling the second problem outlined above.
For the generation of Gaussian variates, there are several approximate methods available. We have already
mentioned the lambda-function approximation
x = c{uh - (1 -

with c = 4.91 and X = 0.14, for generating approximately standard N ( 0 , 1 ) (zero mean, unit variance)
Gaussian variates. Approximate inversion using a numerical algorithm to compute

O W H(32:64)

OW-Hj8Il6)

x = .j2 ert-' (2u - 1)

1

2

1 5

25

3

35

4
k

4 5

O W H B l 6

5

5 5

6

6 5

7

is sometimes faster, but better exact methods are available. The Box-Muller sine-cosine technique [22] for generating pairs of Gaussian variates (xl, x 2 ) from pairs of
uniform variates ( u1, u2) is widely known but the simplified polar method referred to in [23] is faster

O W H i 3 2 641

6
5 5

xI = a u l ;

5

45
4

and W

35
3
2 5
2
15
1

5
0

I

1 5

z

25

3

35

4
k

4 5

5

5 5

6

6 5

(b)

Fig. 3. The spectral test. 8/16 bit and 32/64 bit Wichmann-Hill generators: (a) log vk versus k ; (b) p, versus k

the case k = 5 :
x, = 249x, - (mod 61967)

yi = 251y, - (mod 63443)

z,

=

2 5 2 ~ ~(mod
63599).

The period X ( M ) = 2.36983.31721.31799 G 7.5 X 1013
should be satisfactory. Fig. 3 compares the performance

= U:

+ U;

x2 = au2 where

subject to u:

CY

=

J2:

+ U; 5

~

1.

Other methods are faster still [24], [25] and use a combination of the above and rejection and composition techniques. The fastest techniques exploit, in all or part, the
use of machine language-but this clearly conflicts with
the need to keep the algorithm reasonably portable. We
have chosen, for the purposes of what follows, to use the
polar algorithm.
We now consider the generation of variates having both
a specified probability distribution and a specified power
spectrum. It is clear that the transformation used to convert a U( 0, 1) variate to some other distribution, being a
memoryless nonlinearity, might have a drastic effect on
the originally white spectrum of the input process. It may
or may not be possible to calculate the resultant spectrum.
Even if it were possible, it is clear that one has no opportunity to design the spectrum of the output process; one
must take what one gets.
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Attempts to reshape the output spectrum by means of
linear filtering are confounded, as filtering will perturb,
perhaps ruin, the shape of the probability distribution that
the nonlinear transformation was designed to provide.
Successive approximation might be possible, by means of
a series of nonlinear and linear transformations, but the
prospect is not attractive. There is, in fact, no need to go
to such lengths; the technique originated by Sondhi [26]
provides a reasonably direct route to the desired result.
His approach starts with the observation that there is one
exception to the assertion that spectral shaping by linear
filtering tends to distort the probability distribution: the
Gaussian case. It is well known that a linearly filtered
Gaussian is still Gaussian, and any changes in the mean
or variance can be remedied, if required, by simple adjustments to the signal dc and rms levels. Sondhi’s technique therefore starts with a white Gaussian input, subjects it to linear filtering (which leaves it Gaussian) to
obtain a pre-emphasized spectrum. This is then followed
by a memoryless nonlinear transformation, of (say) the
inverse probability integral transform type, to obtain the
desired marginal probability distribution. This nonlinearity will also change the spectrum of the filtered Gaussian process to the required output spectrum. Thus, the filter does not on its own provide the required spectrum but
provides a predistortion shaping, so that when it is further
distorted by the action of the nonlinearity, the required
spectrum results, at least approximately.
Given that the Gaussian process taken as the starting
point by Sondhi will, in practice, be obtained by means
of a memoryless nonlinear operation on a U(0,1) process, we can recognize the Sondhi algorithm as a special
case of Oppenheim’s canonical form of a homomorphic
signal processing system [27]. In such systems, the memory is concentrated in the central core processor, while
the nonlinearity is confined to the input preprocessor and
the output postprocessor. Since both nonlinearities are
monotonically increasing, being derived (at least notionally) from cumulative distribution functions, they are indeed homomorphisms, preserving the algebraic structure
of the space of input processes. The algorithm, or architecture, can be summarized as in Fig. 4.
Notice that there is an important point here: the uniform-to-Gaussian transformation x = f ( U ) is assumed not
to alter the white spectrum of the input U(0, 1 ) process.
Intuitively, it could be argued that as the nonlinearity is
memoryless, an impulsive autocorrelation should remain
impulsive after the transformation-but this scarcely constitutes a rigorous argument. We are uncertain whether
this property has been shown to hold theoretically. Accordingly we subjected the polar Gaussian generator to
stringent statistical tests of spectral whiteness; the generator appears to be satisfactory in this respect. It is interesting to speculate whether this property can be established, either exactly or approximately, by means of
techniques similar to those in Section 111.
Note also that Oppenheim has proved that the decomposition shown in Fig. 4 is canonical. We can interpret

sperlrurn While
pdl NI0 1 )

speclrurn predis1oIIed
pdl N(O 1 )

haped
ped

spei
Pd

z
T

Fig. 4. Oppenheim canonical form of Sondhi algorithm.

this to mean that, although a more convenient modification might be found, it is not likely to be simpler; Fig. 4
shows an architecture of minimum complexity.
The details of the Sondhi algorithm can be found in
[26], but a simple example will clarify the idea. We may
start with a N ( 0, 1) white Gaussian generator derived by
means of the polar transformation from the WichmannHill U ( 0 , 1) white uniform generator. Our target is to
design a generator having a one-sided negative-exponential probability distribution p ( z ) (with p = 2, a2 = 4,
and a single-pole spectrum W z ( w )with a = 0.7):
exp ( - $ x )

x

>0

X C O

1

WZ(4 =

2 a 11 - a2exp ( - j w )

1

2‘

This case is sufficiently simple to be analytically tractable. We find that

z

= d Y ) = Y2

and that the Gaussian N ( 0, 1) input must have a spectrum
similar to W z ( w ) ,but with a’ replaced by a. The filter
characteristic turns out to be
1 - a exp ( - j w )
1 - a2exp ( - j w )

Figs. 5 and 6 show the waveform, the histogram of the
probability distribution function, and the estimated spectrum for (one realization of) the input and output, respectively. Apart from the tests on the flatness of the Gaussian
process alluded to above, we have double-checked the
shaping of the input spectrum. A maximum entropy estimate [28] confirms that aeSt= 0.718 f 0.022 with pest=
-0.01 k 0.11 ( a = 0.7, p = 0), for the input process.
The corresponding values for the output process are aft
= 0.496 f 0.028 with pest= 2.04 f 0.15 ( a 2= 0.49,
p = 2).
For less tractable cases, the main problem resides in the
computation of the required filtering characteristic. The
computation of the output nonlinearity is easy enough; it
is merely the composite of the inverse of the target cdf
with the cdf of the Gaussian

We next find the coefficients { g, } of the Hermite-Fourier
expanhion of g ( ) [29], [30] and then determine (numer-

,
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Fig. 5 . Example of Sondhi transformation: input process (a) waveform,
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Fig. 6. Example of Sondhi transformation: output process (a) waveform,
(b) histogram, (c) spectrum.

' -

ically) the inverse G- ( ) of

R,(T) = G-'(RZ(7)).

puter-aided design in the usual way [27]. Alternatively, it
can be regarded as a model-fitting problem in a statistical
setting, and ARMA (autoregressive moving average)
techniques can be brought to bear upon it [32]. Either way
it is clear that the Sondhi algorithm, unlike the Wichmann-Hill algorithm for the generation of uniform random variates, requires a substantial amount of numerical
computation, some of it interactive. There is much work
to be done before this process can be even partially automated, and portability seems far off at this time.

Fourier transformation of R, ( 7 ) will provide the specification of the power transfer characteristic of the predistortion filter. This can be regarded as a (digital) filtering
problem in a signal processing setting, amenable to com-

VII. SUMMARY
AND CONCLUSIONS
Procedural methods for establishing pseudorandom sequences for use in, among other problem areas, the Monte
Carlo simulation of communication radar, and other sig-

Inverse Fourier transformation of the target spectrum (for
example, by means of the FFT algorithm [31]) gives the
target autocorrelation R, ( 7). The required filter impulse
response autocorrelation R, (7)can then be shown to be
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nal processing systems have been reviewed. The generation of pseudorandom variates of specifiable probability
density distribution and power spectral density (or autocorrelation function) has been identified as an area of particular significance and difficulty.
The Wichmann-Hill approach to the generation of uniform random variates has been discussed. New evidence
has been presented, first in statistical terms, by employing
the concept of the perturbation distributions, and second
in number theoretic terms, involving a spectral test on ktuples sampled from the generated sequence, to explain
the excellent performance of Wichmann-Hill type generators. The portability of random number generators in
this family has also been noted. Finally, the difficulties in
specifying both distribution function and power spectral
density for a desired pseudorandom sequence have been
discussed. The Sondhi approach to solving this problem
has been described and the required algorithm illustrated
by calculation of random variates of exponential distribution with a single-pole spectrum.

APPENDIXA

THE WICHMANN-HILLALGORITHM
FUNCTION RANDOM(L)
COMMON /RAND/ IX, IY, IZ
IX = 171 MOD(IX, 177) - 2 * (IX/177)
IY = 172 * MOD(IY, 176) - 2 * (IY/176)
IZ = 170 * MOD(IZ, 178) - 2 * (IZ/178)
IF (IX.LT.0) IX = IX
30269
30307
IF (IY .LT. 0) IY = IY
IF (IZ.LT.0) IZ = IZ 30323
RANDOM = AMOD(FLOAT(IX)/30269.0
FLOAT(IY)/30307.0
FLOAT(IZ)/30323.0,1 .O)
RETURN
END

*

+
+
+

I
I
I
I
I
I

+
+

Then the above version requires integer arithmetic up to
30323. Replacing the six instructions indicated with the
three below produces identical results and may run slightly
faster, provided integer arithmetic up to 5212632 is available.

IX = MOD(171
IY = MOD(172
IZ = MOD(170

* IX, 30269)

* IX, 30307)
* IX, 30323)

Both versions need to be seeded with IX, IY, and IZ (integer) values in the range 1 to 30000.
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