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Welcome to this Special Issue of the EURASIP Journal on
Wireless Communications and Networking (JWCN). This
issue collects several research results on the use of optimization techniques in wireless communications. Recent advances in linear and nonlinear optimization facilitate progress
in many areas of communications. In wireless and mobile
communications this progress provides opportunities for
introducing new standards and improving existing services.
Supporting multimedia traﬃc with end-to-end quality-ofservice (QoS) guarantee over multi-hop wireless networks
(e.g., wireless sensor networks, mobile ad hoc networks,
wireless mesh networks) is a challenging technical problem
due to various factors and constraints: limited bandwidth
and battery power, channel variability and user mobility,
protocol and standard compatibility, fairness consideration,
higher data rates, system robustness, and seamless service,
to name a few. In addition, several wireless networks may
be allowed to co-exist and share the same spectrum, which
leads to the requirement of minimal (acceptable) interference
between diﬀerent networks.
Optimization methods have been recognized as extremely useful techniques in helping with addressing the
aforementioned challenges. Although optimization techniques are not limited by the convex optimization category, the convex optimization framework has been most
successfully applied to a number of problems in wireless
communications and signal processing. Over the last few
years, convex optimization has found a place among the

most useful techniques for algorithm design and analysis of
wireless communication systems, and has become a standard
engineering tool shared by a large number of researchers
worldwide.
The success of convex optimization techniques is largely
attributed to several of their unique features. First, very
eﬃcient and fast algorithms for solving convex problems
have been developed and implemented, which makes convex
optimization easy to use in practical wireless communication
systems. Second, convex optimization often helps with gaining insight into the optimal solution structures that reveal the
very nature of the problems in wireless communications. It
makes the convex optimization framework a useful research
tool. Third, the general theory of convex optimization
is already relatively well developed which makes it very
appealing for engineering applications. However, as time has
shown, there is still a lot of room for research. This special
issue is specifically devoted to such kind of studies with a
main focus on the physical layer of wireless communication
systems.
We have received about 30 paper submissions for this
Special Issue by the deadline in December 2008. After
extensive and careful reviews followed by the Editorial Board
discussions, we accepted 7 papers that bear the highest
quality and the best fit with the topic of this Special
Issue. The accepted papers are categorized into 3 categories:
Optimization Techniques for Resource Allocation in Wireless
Systems, Optimization Techniques for Beamforming and

2

EURASIP Journal on Wireless Communications and Networking

Precoding in Wireless Systems, and Optimization Techniques for Scheduling in Wireless Systems. Three papers are
included in each of the first and the second categories, while
one paper fits under the third category.
Optimization Techniques for Resource Allocation in Wireless Systems. This part describes the recent advances on
resource allocation for energy-constrained systems, broadcasting systems, and multi-user relay systems.
In the first paper, “On power allocation for parallel
Gaussian broadcast channels with common information,”
Gohary and Davidson consider a broadcast system in which
a single transmitter sends messages to a number of receivers
over multiple unmatched parallel scalar Gaussian channels.
The set of all rate tuples, for such systems, is parameterized
by a set of power loads and partitions, and the problem
of finding the boundaries of such sets is formulated as
an optimization problem. Although this problem is nonconvex, the tight inner and outer bounds can be eﬃciently
computed. These bounds are computed using (convex)
geometrical programming.
In “Power allocation and admission control in multiuser
relay networks via convex programming: centralized and
distributed schemes,” Phan et al. address the power allocation
problem for multiuser amplify-and-forward relay networks,
in which multiple users share the same set of relay nodes. The
problems of minimum rate and sum-rate maximization are
shown to be convex. However, the joint power allocation and
admission control problem is not convex that necessitates
the development of approximate algorithms. Two configurations: centralized and decentralized are considered, while in
the latter one the Lagrange decomposition method is applied.
In the third paper, “Stochastic resource allocation for
energy-constrained systems,” Sachs and Jones consider the
battery-powered wireless systems with energy constraint. In
the traditional resource allocation problem setup, allocation
is done by assuming that the same tasks will run from the
start-up until a specific future time. In this case, the energy
and runtime constraints can be converted into a single power
constraint. More general energy and runtime constraints are
considered in this paper for the case when these constraints
are not convertible into a single power constraint. The
problem considered is NP-hard, where eﬃcient stochastic
recourse allocation method is developed based on the
Lagrange optimization approach.
Optimization Techniques for Precoding and Beamforming
in Wireless Systems. In this part, it is demonstrated how
the optimization techniques can be used for developing
precoding and beamforming methods in multiple-input
multiple-output (MIMO) ad hoc networks, MIMO relay
networks, and seamless ad hoc networks.
In the first paper of this category, “Transmission strategies in MIMO ad hoc networks,” Fakih et al. address the precoding problem in MIMO ad hoc networks via maximizing
the system mutual information under power constraints. A
fast and distributed algorithm based on the quasi-Newton
method is developed to solve the aforementioned problem.
In the paper, “Joint linear filter design in multiuser
cooperative non-regenerative MIMO relay systems,” Li et al.
develop a new relay communication protocol in which linear

filters are employed at both the transmitter and the relays.
The joint design and optimization of transmitter and relay
filters via the minimization of the mean squared error is
considered. The work can be viewed as an extension of the
traditional amplify-and-forward relay protocol.
In the last paper of this category, “On connectivity
limits in ad hoc networks with beamforming antennas,”
Kiese et al. investigate the fundamental limits on the seamlessness/connectivity in multi-hop wireless networks with
beamforming antennas. Authors use the popular “keyhole”
antenna model, and formulate a mixed integer program for
finding the optimal antenna configurations under various
setups of path probability with various auxiliary constraints,
node degree, and k-connectivity. A problem-specific largescale optimization approaches are used to find the optimal
antenna configurations eﬃciently.
Optimization Techniques for Scheduling in Wireless Systems consists on a single paper, “A scheduling algorithm
for minimizing the packet error probability in clusterized
TDMA networks,” in which Toyserkani et al. consider a
clustered wireless network, in which transceivers in a cluster
use a time-slotted mechanism to access a wireless channel
that is shared among several clusters. A scheduling algorithm
which minimizes the derived average packet-loss probability
is developed and tested.
We are excited to edit this high quality special issue
within 8 months since the submission deadline. This would
have been impossible without all those who contributed their
research papers, numerous patient and diligent reviewers,
and the EURASIP Journal on Wireless Communications
and Networking Editorial Board and the Editor-in-Chief,
Dr. Luc Vandendorpe. Our thanks go to all of them. We
hope you will enjoy reading the carefully selected papers
on the exciting research area of Optimization Techniques in
Wireless Communications.
Sergiy A. Vorobyov
Shuguang Cui
Yonina C. Eldar
Wing-Kin Ma
Wolfgang Utschick
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This paper considers a broadcast system in which a single transmitter sends a common message and (independent) particular
messages to K receivers over N unmatched parallel scalar Gaussian subchannels. For this system the set of all rate tuples that can
be achieved via superposition coding and Gaussian signalling (SPCGS) can be parameterized by a set of power loads and partitions,
and the boundary of this set can be expressed as the solution of an optimization problem. Although that problem is not convex
in the general case, it will be shown that it can be used to obtain tight and eﬃciently computable inner and outer bounds on the
SPCGS rate region. The development of these bounds relies on approximating the original optimization problem by a (convex)
Geometric Program (GP), and in addition to generating the bounds, the GP also generates the corresponding power loads and
partitions. There are special cases of the general problem that can be precisely formulated in a convex form. In this paper, explicit
convex formulations are given for three such cases, namely, the case of 2 users, the case in which only particular messages are
transmitted (in both of which the SPCGS rate region is the capacity region), and the case in which only the SPCGS sum rate is to
be maximized.
Copyright © 2009 R. H. Gohary and T. N. Davidson. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

1. Introduction
Consider a broadcast communication scenario in which a
single transmitter wishes to send a combination of (independent) particular messages that are intended for individual
users and a common message that is intended for all users
[1]. Such broadcast systems can be classified according to the
probabilistic model that describes the communication channels between the transmitter and the receivers. A special class
of broadcast channels is the class of degraded channels, in
which the probabilistic model is such that the signals received
by the users form a Markov chain. Using this Markovian
property, a coding scheme that can attain every point in the
capacity region for this class of channels was developed in
[2]. If, however, the received signals do not form a Markov
chain, the broadcast channel is said to be nondegraded,
and the coding scheme developed in [2] does not apply
directly to this case. Although degraded channels are useful
in modelling single-input single-output broadcast systems,

many practical systems give rise to nondegraded channels,
including those that employ multicarrier transmission [3],
and the class of multiple-input multiple-output (MIMO)
systems [4].
Most of the studies on nondegraded broadcast channels
have focused on scenarios in which only particular messages
are sent to the users [5, 6], and, of late, particular emphasis
has been placed on Gaussian MIMO broadcast channels
[4, 7–12]. For that class of channels, it has been shown
that dirty paper coding [13] with Gaussian signalling can
achieve every point in the capacity region [4]. For general
nondegraded systems with common information, singleletter characterizations of achievable inner bounds were
obtained in [14, 15], and a single-letter characterization of
an outer bound was obtained in [16].
In this paper, we will focus on a class of nondegraded
broadcast channels that arises in multicarrier transmission
schemes; for example, [3, 17]. In particular, we consider
systems in which a common message and particular messages
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are to be broadcast to K users over N parallel scalar
Gaussian subchannels. In such a system, each component
subchannel is a degraded broadcast channel, but the overall
broadcast channel is not degraded in the general case,
because the ordering of the users in the Markov chain on
each subchannel may be diﬀerent. When that is the case,
the subchannels are said to be unmatched [17]. As discussed
below, the development of coding schemes for some related
multicarrier broadcast systems has exploited the degraded
nature of each subchannel, and we will do so in the proposed
scheme.
For degraded broadcast channels superposition coding is an optimal coding scheme [18, 19], and, in fact,
superposition coding can be shown to be equivalent to
dirty paper coding for degraded broadcast channels [10].
The superposition coding scheme divides the transmission
power into partitions, and each partition is used to encode
an incremental message that can be decoded by any user
that observes the signal at, or above, a certain level of
degradation, but cannot be decoded by weaker users. Since
each component subchannel of the parallel scalar Gaussian
channel model is degraded, superposition coding is optimal
for each subchannel, and this observation was used in [17]
to characterize the capacity region of the unmatched 2user 2-subchannel scenario with both particular messages
and a common message. For that case, a rather complicated method for obtaining optimal power allocations was
provided in [20]. For the case in which only particular
messages are transmitted to the users, the capacity region for
the unmatched K-user N-subchannel case was characterized
in [21], and methods for obtaining the optimal power
allocations for that case were provided in [21–23].
In this paper, we consider a broadcast system with
N (unmatched) Gaussian subchannels and K users in
which both a common message and particular messages
are transmitted to the users. For this system we provide
a characterization of the rate region that can be achieved
using superposition coding and Gaussian signalling. For
convenience, this region will be referred to as the SPCGS rate
region. This characterization encompasses as special cases
the characterization of the capacity region of the 2-user 2subchannel scenario [17], and the characterization of the
capacity region of the K-user N-subchannel scenario with
particular messaging only [21].
Using the characterization developed herein, we express
the boundary points of the SPCGS rate region as the solution
of an optimization problem. Although that optimization
problem is not convex in the general case, we use convex
optimization tools to provide eﬃciently computable inner
and outer bounds on the SPCGS region. In particular, we
employ (convex) Geometric Programming (GP) techniques
[24, 25] to eﬃciently compute these bounds, and to generate
the corresponding power loads and partitions. In addition
to the inner and outer bounds for the general case, we will
develop (precise) convex formulations for the optimal power
allocations in two special cases for which the capacity region
is known; namely, the 2-user case with common information
[17], and the case in which only particular messages are
broadcast to K users [21]. (Concurrent with our early work

on this topic [26], geometric programming was used in [23]
to find the optimal power allocation for the case of particular
messaging.) In contrast to the methods proposed in [20, 21],
which are based on a search for Lagrange multipliers, our
formulations for the optimal power allocation for these two
problems are in the form of a geometric program, and hence
are amenable to eﬃcient numerical optimization techniques.
In addition, we will provide a (precise) convex formulation
for the problem of maximizing the SPCGS sum rate in the
general K-user N-subchannel case.

2. The Superposition Coding and Gaussian
Signalling (SPCGS) Rate Region
We consider a broadcast channel with K users and N
unmatched parallel degraded Gaussian subchannels, which is
a common model for multicarrier transmission schemes; for
example, [3]. We will find it convenient to parameterize this
model by normalizing the subchannel gains for each user to
1, and scaling the corresponding noise power by the inverse
of the squared modulus of the gain. (The scaled noise power
will be referred to as the “equivalent noise variance”.) Since
the ordering of the users’ noise powers is not necessarily the
same on each subchannel, the overall broadcast channel is
not degraded in the general case. This situation is depicted
in Figure 1, in which the signal transmitted on the ith
subchannel is denoted by Ui1 , the signal received by User k
on the ith subchannel is denoted by Wik , and the (equivalent)
noise variance on the ith subchannel at the th degradation
level by Ni . The signal Ui is the auxiliary signal on the ith
subchannel that corresponds to the th degradation level.
The role of these auxiliary signals will become clear as we
discuss the achievability of the superposition coding rate
region.
To simplify the description of that characterization, we
first establish some notation. Let πi (k) denote the level of
degradation of User k on the ith subchannel. Using this
notation, if the received signal of User k1 , Wik1 , is the
strongest signal on the ith subchannel then πi (k1 ) = 1, and
if the received signal of User k2 , Wik2 , is the weakest signal
on this subchannel, then πi (k2 ) = K. Let the power assigned

to the ith subchannel be denoted by Pi , where Ni=1 Pi ≤ P0 ,
and P0 is the total power budget. Furthermore, denote the
K
power partitions on the ith subchannel by {αi }=1 , where
K

to
 =1 αi = 1. Using these partitions, the power assigned

each auxiliary signal Ui in Figure 1 is given by Kr= αri Pi ,
where αri corresponds to the partition on the ith subchannel
at the rth degradation level. As mentioned above, we will
denote the equivalent noise variance on the ith subchannel
at the th level of degradation by Ni , and hence 0 ≤ Ni1 ≤
· · · ≤ NiK . We will also use the standard notation C(x) to
denote (1/2) log(1 + x).
We will use R0 to denote the rate of the common
message to all users, and Rk to denote the rate of the
particular message to User k. (For simplicity, we will use
the natural logarithm throughout this paper, and hence rates
are measured in nats per (real) channel use.) Using these
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notations, we can now express the rate that is achievable via
superposition coding and Gaussian signalling (SPCGS) for
a broadcast system with K users and N parallel Gaussian
subchannels. This is a generalization of the characterization
in [17] for the system with K = N = 2.
Proposition 1. Let P = {Pi }Ni=1 denote a power allocation, and
N,K
let α = {αi }i,=1 denote a set of power partitions. Let R(P, α) =
(R0 , R1 , . . . , RK ) be the set of rate vectors that satisfy


N




αKi Pi
R0 ≤ min C
,

k
Niπi (k) + K=−11 αi Pi
i=1

(1a)

≤

R0 +

⎞

K


 =π (k) αi Pi
C ⎝ πi (k) i πi (k)−1  ⎠,
Ni
+ =1 αi Pi
i=1

L


k = 1, . . . , K,

(1b)

Rk

 =1

≤

⎛

N


⎛

⎞

K


 =πi (k1 ) αi Pi
⎠
C ⎝ πi (k1 ) 
πi (k1 )−1 
Ni
+ =1
αi Pi
i=1

+

⎛

N




i=1

{k ∈{k2 ,...,kL }|

π i (k)<πi (k1 )}

mπi i (k) (k1 ,...,kL )−1

⎞

αti Pi ⎟
⎜ t=π (k)
C ⎝ πi (k)i πi (k)−1 r ⎠,
Ni
+ r =1 αi Pi

mi (k1 , . . . , kL ) =

(1c)

min {πi (k) >  },

k∈{k1 ,...,kL }

L ∈ {2, . . . , K }, ∀(k1 , . . . , kL ) ⊆ {1, . . . , K }.
Then the set of all rate vectors (R0 , R1 , . . . , RK ) that are
achievable using superposition coding and Gaussian signalling
over the N parallel scalar Gaussian subchannels depicted in
Figure 1 is given by
R(P, α),

(2)

P∈P , α∈A

where
⎧
⎨

P = ⎩P |
⎧
⎨

A = ⎩α |

N

i=1

⎫
⎬

Pi ≤ P0 , Pi ≥ 0, i = 1, . . . , N ⎭,

K

 =1

αi

= 1,

αi

is transmitted, and this signal is synthesized from Gaussian
component signals that are superimposed on each other
K
using the power partitions {αi }=1 . The rates that can be
achieved by that scheme on subchanel i are well known;
see, for example, [27]. The rate region in (1a)–(1c) is then
obtained by using the Kth power partitions to (jointly)
encode the common message across the N subchannels, and
the other partitions to encode the particular messages. The
SPCGS achievable region is then the union of all such regions
over all power allocations satisfying the power constraint and
all valid power partitions.
More details regarding the way in which the Gaussian
signals are constructed are provided in the following remark.

R0 + Rk
N


3

(3)
⎫
⎬

≥ 0, i = 1, . . . , N,  = 1, . . . , K .
⎭

(4)

Proof. For a given power allocation P and a given set of
power partitions α the region bounded by the constraints in
(1a)–(1c) is the region of rates achievable by superposition
coding and Gaussian signalling (SPCGS). To show that, we
first observe that each subchannel is a degraded broadcast
channel. On subchannel i, a composite signal of power Pi

Remark 1. Assume that the values of {Pi } and {αi } are fixed
and that these values satisfy (3) and (4), respectively. In
the following remarks, we refer to the signals illustrated in
Figure 1.
(i) For subchannel i, and degradation level , Ui is
an auxiliary Gaussian signal that is constructed by
superimposing an incremental Gaussian signal on
Ui+1 . Being Gaussian and independent of the noise,
this incremental signal contributes additively to the
total noise plus interference power observed by any
user attempting to decode the signal Uir with r > l
[2].
(ii) The common message to all users is encoded
using a single Gaussian codebook, and this message
N
is embedded in the signals {UiK }i=1 . The power
N
assigned to these signals is {αKi Pi }i=1 , and the aggregate mutual information that User k gathers about


these signals is Ni=1 C(αKi Pi /(Niπi (k) + K=−11 αi Pi )).
For User k to be able to decode the common message,
the rate of this message must be less than the
aggregate mutual information, and conversely, all
users whose aggregate mutual information is greater
than this rate will be able to be reliably decodable the
common message. Hence, for the common message
to reliably decodable by all users, the rate at which
this message is transmitted must be less than the
aggregate information of the weakest user. Therefore,
the rate of the common message is limited by the
constraint in (1a).
(iii) The particular and common messages that are
intended for any User k are embedded in the signals
π (k) N

{Ui i }i=1 . The respective powers of these signals are
K
N
{ r =πi (k) αri Pi }i=1 . For these messages to be reliably

decodable, the sum of the rates of these messages
must be less than the aggregate mutual information
N

that this user gathers about {Uiπi (k) }i=1 . This leads to
the set of constraints in (1b).
(iv) Consider a specific user, say User k1 , in the subset
of L users {k1 , . . . , kL }. As in (1b), the sum of
the rates of the messages that are intended for
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Transmitter
N11
U1K −1

U1K

U11

···

U2K −1

U21

···

.
.
.
UNK −1

UNK

UN1

···

π

−1

W1 1

(2)

π −1 (K)

W1 1

···

N21
U2K

N1K − N1K −1

N12 − N11

π −1 (1)
W1 1

N2K − N2K −1

N22 − N21

π −1 (1)
W2 2

π

−1

W2 2

(2)

π −1 (K)

W2 2

···

NN1

NNK − NNK −1

NN2 − NN1
π −1 (1)

WNN

π −1 (2)

WNN

π −1 (K)

WNN

···

Figure 1: The product of N unmatched parallel degraded broadcast subchannels with K users.





User k1 is bounded by Ni=1 C( K=πi (k) αi Pi /(Niπi (k) +
πi (k)−1 
αi Pi )); compare with the first term in (1c).
 =1
On the ith subchannel, the degradation level of User
k1 is πi (k1 ). Now if the sum of the rates intended for
User k1 is such that the ith term in the summation in
(1b) is satisfied with equality, the other users in the
subset {k2 , . . . , kL } whose degradation level is above
that of User k1 (i.e., their degradation level is less
than πi (k1 )) can still reliably decode messages that
are embedded in {Uiπi (k) }k∈{k2 ,...,kL }, πi (k)<πi (k1 ) . Hence,
the sum of the rates of these messages that can
be achieved by superposition coding and Gaussian
signalling is bounded by the second term in (1c). This
holds for all permutations of users, that is, for all
choices of k1 in {k1 , . . . , kL }.
Before proceeding to particular instances of Propo
sition 1, we make the following remark regarding the number
of inequalities required to characterize the SPCGS rate region
of a general broadcast channel with N parallel Gaussian
scalar subchannels and K users.
Remark 2. In the general case, the number of inequalities
that are required to characterize the (K + 1)-dimensional
SPCGS rate region in Proposition 1 is independent of the
number of subchannels and is given by

K +K +

⎛ ⎞



K
L⎝ ⎠ = K 2K −1 + 1 ,
L
L=2
K


(5)

where the first term is the number of inequalities that are
required to account for the achievable rate of the common
message, and the second and third terms are the maximum
number of inequalities that are required toaccount for partial

sums of the achievable rates of the particular messages in the
presence of a common message.
In contrast with the exponential number of inequalities
in (5), the number of inequalities that are required to
characterize the capacity region when no common message
is transmitted is equal to K [21].
Although Proposition 1 provides a unified framework
that allows us to describe the set of rates that can be achieved
by superposition coding and Gaussian signalling for an
arbitrary set of degradation orderings of the users on each
subchannel, for some orderings some of the bounds given
in Proposition 1 will be redundant, and significantly simpler
expressions can be obtained by removing this redundancy.
For example, for the 2-user 2-subchannel case, for which
the SPCGS rate region is the capacity region [17, 28], direct
substitution in Proposition 1 and simple manipulation of the
resulting inequalities shows that for matched subchannels,
the description of the region in Proposition 1 can be reduced
to the two inequalities in [28]. For unmatched subchannels,
the description in Proposition 1 yields the six inequalities in
[17, Theorem 2].
That Proposition 1 coincides with [17, Theorem 2] in
the special case of 2 subchannels and 2 users is not
surprising because the underlying principles used in the
derivation of these results are similar. However, in order to
demonstrate some of the diﬃculties that arise in generalizing
from 2-user to K-user scenarios, we now discuss a slightly
more complicated example than the 2-user 2-subchannel
one, namely, the 3-user 2-subchannel scenario depicted in
Figure 2. For this situation we have π1 = (1, 2, 3) and
π2 = (3, 2, 1). By substituting these values of π1 and π2 into
Proposition 1, we obtain the following corollary.
Corollary 1 (K = 3, N = 2; π1 = (1, 2, 3), π2 = (3, 2, 1)).
Let P = {Pi }2i=1 denote a power allocation, and let
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α = {αi }i,=1 denote a set of power partitions. Let R(P, α) =
(R0 , R1 , R2 , R3 ) be the set of rate vectors that satisfy
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α31 P1
R0 ≤ min C


(k)
π
k
N1 1 + α21 + α11 P1


+C

+C



α32 P2


π2 (k)
N2
+ α22 + α12 P2





P
R0 + R1 ≤ C 11
N1



R0 + R1 + R2 + R3 ≤ C ⎝
(6b)



R0 + R2 ≤ C ⎝



⎛

⎞

α21 + α31 P1
⎠ + C⎝
N12 + α11 P1

α3 P
 12 1 1 
R0 + R3 ≤ C
3
N1 + α1 + α1 P1









P
R0 + R1 + R2 ≤ C 11
N1


+C



α32 P2


+C
N23 + α22 + α12 P2


R0 + R1 + R2 ≤ C ⎝



α21 + α31 P1

N12 + α11 P1
⎛

+ C⎝

⎞



1
⎠ + C α1 P1

α22 + α32 P2

N22 + α12 P2



P
R0 + R1 + R3 ≤ C 11
N1



+C



⎠,

α32 P2

+C
3
N2 + α22 + α12 P2





⎧
⎨



A = ⎩α |

α22 + α12 P2
,
N21
(6g)



R0 + R1 + R3 ≤ C

N13



+C

α31 P1

+ α21 + α11 P1








+C



P2
N21



α21 + α11 P1
,
N11
(6h)

⎛

R0 + R2 + R3 ≤ C ⎝

N12 + α11 P1


+C



α21 + α31 P1

⎞

⎛

⎠ + C⎝



α22 + α32 P2

N22 + α12 P2

⎞
⎠



α12 P2
,
N21

⎧
⎨

P = ⎩P |



(6i)

N11



α22 + α32 P2

⎞



1
⎠ + C α2 P2 ,

N21





+C

α11 P1
N11




(6n)



α21 P1
.
2
N1 + α11 P2

(7)

P∈P , α∈A

where





1
⎠ + C α1 P1

R(P, α),

(6f)

⎞



Then the set of all rate vectors (R0 , R1 , R2 , R3 ) that are
achievable using superposition coding and Gaussian signalling
over the 2 parallel scalar Gaussian subchannels depicted in
Figure 2 is given by

N11





⎞

N22 + α12 P2

P2
N21



+C

α22 P2
,
2
N2 + α12 P2

(6k)



α31 P1


+C
N13 + α21 + α11 P1



(6e)
⎛

N12 + α11 P1



(6d)






P2
,
N21

(6m)


R0 + R1 + R2 + R3 ≤ C

P
+ C 21 ,
N2

α1 P
+ C 2 12
N2



+ C⎝

(6c)




+C



α21 + α31 P1

⎛

⎞

α22 + α32 P2
⎠,
N22 + α12 P2



α32 P2
α2 P

+C 2 2 21 ,
3
2
1
N2 +α2 P2
N2 + α2 +α2 P2
(6l)

⎛



(6j)



+C

α32 P2


+C
,
N23 + α22 + α12 P2

⎛





,

(6a)


α21 P1
2
N1 + α11 P1

P
R0 + R1 + R2 + R3 ≤ C 11
N1





α31 P1


R0 + R2 + R3 ≤ C
N13 + α21 + α11 P1

2

i=1

⎫
⎬

Pi ≤ P0 , Pi ≥ 0, i = 1, 2⎭,

3

 =1

⎫
⎬

(8)

αi = 1, αi ≥ 0, i = 1, 2,  = 1, . . . , 3⎭.

By examining the constraints in Corollary 1, it can be
seen that for the scenario in Figure 2, the constraints in (6g)
and (6h) are redundant. In order to see that, we note that
because N22 > N21 , the right-hand side (RHS) of (6l) is less
than or equal to the RHS of (6g), and for any R2 > 0, the
left-hand side (LHS) of (6l) is greater than the LHS of (6g).
Hence, the constraint in (6l) is tighter than that in (6g). In
a similar way, one can show that (6n) is tighter than the
constraint in (6h), whence the redundancy of (6h).
Remark 3. In order to assist in the interpretation of
Corollary 1, we now identify the role of each signal.
(i) The signal U13 contains common information for all
users, and particular information for User 3.
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(ii) For a fixed value of U31 , the signal U12 contains
particular information for User 2.
(iii) For a fixed value of U12 , the signal U11 contains
particular information for User 1.
U23

(iv) The signal
contains common information for all
users, and particular information for User 1.
(v) For a fixed value of U23 , the signal U22 contains
particular information for User 2.
(vi) For a fixed value of U22 , the signal U21 contains
particular information for User 3.
Note that, as pointed out in Remark 1, to achieve an
arbitrary rate vector within the SPCGS region, the common
message must be encoded and decoded jointly across the subchannels, whereas the particular messages may be encoded
using independent codebooks on each subchanne.

3. Power Loads and Partitions via
Geometric Programming

K


μk Rk

k=0

max

K


(9)

subject to (1)–(4).
In order to transform the optimization problem in (9) into a
more convenient form, we introduce the change of variables
tk = e2Rk , k = 0, 1, . . . , K. Furthermore, we will denote αi Pi

μ

tk k

(10a)

k=0

subject to
⎛
⎞
N
K
−1
−1


πi (k)
⎠
⎝
t0
Ni
+
Qi Niπi (k) + Pi
≤ 1,
i=1

k = 1, . . . , K,

 =1

(10b)
⎛
⎞
πi (k)
N
−1


−1
πi (k)
⎠
⎝
t0 tk
N
+
Q N πi (k) + Pi
≤ 1,
i

i

i

k = 1, . . . , K,

 =1

i=1

(10c)
⎛
⎞
πi (k
L
N
1 )−1
−1




(k
)
π
t0 tk ⎝Ni i 1 +
Qi ⎠ Niπi (k1 ) + Pi
 =1

In Proposition 1 we have provided a set of inequalities
that characterize the SPCGS region. These inequalities are
expressed in terms of the power loads {Pi } and the power
partitions {αi }. In order to achieve particular points on
the boundary of this region, one can determine the power
loads and partitions that maximize the weighted sum rate for
any given weight vector. However, as shown in (5) and the
discussion thereafter, the number of constraints that characterize the rate region of multicarrier broadcast channels with
common information grows very rapidly with the number
of users. Since it appears to be unlikely that a closed-form
solution for the power allocation problem can be obtained,
it is desirable to develop an eﬃcient numerical technique to
determine the optimal power loads and partitions. Towards
that end, in this section, we formulate the problem of
finding the SPCGS rate region as an optimization problem.
Unfortunately, this formulation is not convex. However, we
will provide two alternative formulations that will be used
in Section 4 to obtain convex formulations for tight inner
and outer bounds on the SPCGS region along with the
corresponding power allocations. In addition, in Section 5,
we will use these formulations to provide precise convex
formulations for three important special cases of the optimal
power allocation problem.
Let μk ∈ [0, 1] be the weight associated with the rate Rk ,

k = 0, 1, . . . , K, where Kk=0 μk = 1. Our goal is to maximize
K
k=0 μk Rk subject to the constraints of Proposition 1 being
satisfied. That is, we would like to solve
max

by Qi . By observing that the logarithm is a monotonically
increasing function, we can recast (9) as

×

i=1

 =1

N


⎛



⎝N πi (k)
i

+

πi (k)
−1

i=1 {k∈{k2 ,...,kL }|πi (k)<πi (k1 )}

⎛

π (k)

⎜ π (k)
× ⎝Ni i +

mi i

(k1 ,...,kL )−1



t =1

r =1

⎞

Qir ⎠

⎞−1
⎟
Qit ⎠

mi (k1 , . . . , kL ) =

(10d)
≤ 1,

min {πi (k) >  }

k∈{k1 ,...,kL }

for L ∈ {2, . . . , K }, ∀(k1 , . . . , kL ) ⊆ {1, . . . , K },


Pi ≤ P0 ,

Pi ≥ 0, ∀i,

tk ≥ 1,

k = 0, 1, . . . , K,

i

(10e)


Qi = Pi ,

∀i,

Qi ≥ 0,

∀i, .

(10f)



The power loads and partitions that correspond to
every point on the boundary of the SPCGS region can
be obtained by varying the weights in (9), which appear
as the exponents in (10a). For instance, the loads and
partitions that correspond to a “fair” rate tuple can be

μ
obtained by maximizing Kk=1 tk k for an appropriately chosen
set of weights, subject to the constraints in (10a)–(10f) and,
possibly, a lower bound constraint on t0 . A more direct
technique for obtaining “fair” loads and partitions is to
draw insight from [29] and maximize the harmonic mean

−1
of {tk }Kk=1 , namely, ( Kk=1 tk−1 ) , subject to the constraints
in (10a)–(10f) and the lower bound constraint on t0 (if it
is imposed). Although we will not pursue that problem in
this paper, its objective, and the additional constraint, can
be written as posynomials (in the sense of [24, 25]), and
the techniques that we will apply to the weighted sum rate
problem can also be applied to the problem of maximizing
the harmonic mean of the rates.
A key step in providing a convenient reformulation of
(10a)–(10f) is the following sequence of substitutions. Let
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Transmitter
N11
U13

U12

U11

W11
N21

U23

U22

U21

N13 − N12

N12 − N11

W13

W12

N23 − N22

N22 − N21
W23

W22

W21

Figure 2: The product of 2 unmatched degraded broadcast channels with 3 users.

Δ

Δi = NiK − Ni , i = 1, . . . , N,  = 1, . . . , K − 1. Because each
subchannel is degraded, Δi ≥ 0 for all i and . Let
Si = Pi + NiK .





(10b) through (10d) with Pi replaced by Si − NiK ,


i

i

Si ≤ P0 +

tk ≥ 1,
Qi

≥ 0,

NiK ,

⎛
⎞
N
K
−1

(k)
π
i

+
Qi ⎠xiπi (k) ≤ 1,
t0 ⎝Ni

(11)

Using these new variables we can eliminate {Pi } and write
the constraints in (10a)–(10f) as follows



We can now recast the constraints in (12a)–(12c) as

Si ≥ NiK , ∀i,

i=1

⎛
⎞
πi (k)
N

−1
πi (k)
 ⎠ πi (k)
⎝
t0 t k
Ni
+
Qi x i
≤ 1,
i=1

(12a)
t0

(12b)

L


Qi

+ NiK

= Si , ∀i, .

−1

 −1

xi

≤ 1,

Qi + NiK ≤ Si ,

⎝N πi (k)
i

+

πi (k)
−1

π (k)

mi i

(k1 ,...,kL )−1



t =1

r =1

⎞

Qir ⎠

⎞−1
⎟
Qit ⎠

(16c)
≤ 1,

min {πi (k) >  }

k∈{k1 ,...,kL }

for L ∈ {2, . . . , K }, ∀(k1 , . . . , kL ) ⊆ {1, . . . , K },
K
−1

Qi + NiK ≤ Si ,

Qi ≥ 0, ∀i, ,

(16d)

 =1





i

i

Si ≤ P0 +

NiK ,

Si ≥ NiK ,

tk ≥ 1,

k = 0, 1, . . . , K,
(16e)

+ Δi ≤ Si .

(14)

3.1. Formulation 1. In order to develop a more convenient
formulation, we note that in (12a)–(12c) the only constraint
N
in which the variables {QiK }i=1 appear is (12c). Hence, the
set of constraints in (12c) can be written in a GP compatible
form as

 =1

⎛



mi (k1 , . . . , kL ) =

(13)

Both parts of (14) are in the form of posynomial constraints,
and hence can be easily incorporated into a Geometric
Program (GP) [24, 25].

K
−1

N


⎜ π (k)
× ⎝Ni i +

where f (S, Q) is a posynomial (cf. [24, 25]), can be
equivalently expressed as
f (S, Q)xi ≤ 1,

 =1

⎛

Using (12a)–(12c), we will develop, below, two alternative
formulations of (10a)–(10f), each of which will be used in
Section 4 to develop a certain outer bound. Before we do
−1
so, let us bound the terms of the form (Si − Δi ) by new

variables xi . Hence, the constraints of the form


i=1

i=1 {k∈{k2 ,...,kL }|πi (k)<πi (k1 )}

 =1

f (S, Q) Si − Δi

k = 1, . . . , K, (16b)

⎛
⎞
πi (k
N
1 )−1


(k
)
π
tk ⎝Ni i 1 +
Qi ⎠xiπi (k1 )

×

(12c)

(16a)

 =1

 =1

k = 0, . . . , K,
K


k = 1, . . . , K,

 =1

i = 1, . . . , N.

(15)

 −1

xi

+ Δi ≤ Si ,

xi ≥ 0,

i = 1, . . . , N,  = 1, . . . , K.
(16f)

The feasible set for the constraints in (16a)–(16f) is not
convex because of the nonposynomial terms generated by
the inverse of the sum of optimization variables in the righthand side of (16c). However, in Section 4, we will show how
the reformulation in (16a)–(16f) can be used to develop an
eﬃciently computable outer bound on the capacity region.
3.2. Formulation 2. We now provide a diﬀerent formulation
that will be used to develop another useful outer bound and
an inner bound on the achievable rate region. Consider the
formulation in (12a)–(12c), and let us bound the terms of the
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−1

form (Niπi (k1 ) + πt=i (k1 2 )−1 Qit ) by new variables yi(k1 ,k2 ) . Using
these bounds, the constraints of the form
⎛

πi (k
2 )−1


g(S, Q)⎝N πi (k1 ) +
i

t =1

⎞−1

Qit ⎠

≤ 1,

(17)

where g(S, Q) is a posynomial can be equivalently expressed
as


g(S, Q)yi(k1 ,k2 ) ≤ 1,

yi(k1 ,k2 )

−1

πi (k1 )

≤ Ni

+

πi (k
2 )−1

t =1

4. Outer and Inner Bounds on
the SPCGS Region

Qit .
(18)

In this section, we use the formulations in (16a)–(16f) and
(21a)–(21d) to develop tight inner and outer bounds on the
SPCGS rate region.

(19)

4.1. Outer Bounds

However,
Niπi (k1 ) +

πi (k
2 )−1

t =1

Qit = Si − Δπi i (k1 ) −

K


Qit .

πi (k2 )

Therefore, one can write the constraints on the right of (18)
as


yi(k1 ,k2 )

−1

K


+ Δπi i (k1 ) +

Qit ≤ Si .

(20)

πi (k2 )

This constraint now is in the form of posynomial, and hence
can be incorporated into a GP. Therefore, we can rewrite the
constraints in (12a)–(12c) as
(16a)-(16b) and (16e)-(16f),

(21a)

⎛
⎞
πi (k
L
N
1 )−1



(k
)
π
Qi ⎠xiπi (k1 )
t0 tk ⎝Ni i 1 +
 =1

×

i=1

 =1

N




(21b)

i=1 {k∈{k2 ,...,kL }|πi (k)<πi (k1 )}

⎛
× ⎝Ni

πi (k)

+

πi (k)
−1
r =1

⎞
π (k)

(,mi i

Qir ⎠ yi

(k1 ,...,kL ))

≤ 1,

for L ∈ {2, . . . , K }, ∀(k1 , . . . , kL ) ⊆ {1, . . . , K },


yi(k1 ,k2 )

−1

+ Δπi i (k1 ) +

K


Qit ≤ Si ,

yi(k1 ,k2 ) ≥ 0,

πi (k2 )

i = 1, . . . , N,


Qi + NiK = Si ,

namely, the unmatched two user case and the case in which
only independent information is transmitted to the K users.
In Section 5 we will provide convex formulations for these
cases. In Section 5 we will also provide a convex formulation
for obtaining the power loads and partitions that maximize
the SPCGS sum rate. In the next section we will develop inner
and outer bounds for the rate region that can be achieved by
superposition coding and Gaussian signalling.

(21c)

k1 , k2 = 1, . . . , K,

i = 1, . . . , N.

(21d)



By examining the constraints in (21a)–(21d), it can be
seen that all the constraints are in the form of posynomial
inequalities except for the constraint in (21d). Because
of this posynomial equality constraint, the formulation in
(21a)–(21d) is not a geometric program. However, there
are important instances in which the boundary of the rate
region and the corresponding power loads and partitions
can be formulated in the form of a geometric program;

4.1.1. An Outer Bound Based on Formulation 1. The formulation in (16a)–(16f) is not convex due to the terms of the form
mπi (k) (k

,...,k )−1

−1

(Niπi (k) + t=i 1 1 L Qit ) in (16c). In order to derive an
outer bound on the rate region, we use the transformation

j
Vi = Ni1 + j =1 Qi . By invoking this transformation in
the formulation in (16a)–(16f), one can verify that for each
constraint of the nonposynomial form in (16c), an inverse
term appears in one of the constraints in (16a). We can
multiply each constraint that contains an oﬀending term
in the denominator by the corresponding constraints that
contain the same term but in the numerator. By doing so
we develop new constraints that do not contain oﬀending
terms. These new constraints are obviously a relaxation of
the original constraints and hence lead to an outer bound
on the SPCGS rate region. Indeed, the rates yielded by the
relaxed constraints are not necessarily decodable by the users,
even though the power allocations and partitions satisfy
their respective constraints. However, these new constraints
are posynomial constraints that can be used to replace
the nonposynomial ones. As a result, the outer bound
can be eﬃciently computed via geometric programming
techniques. If any constraint that contains the oﬀending
term in the numerator is active, the relaxed constraint will
(precisely) enforce the original nonposynomial constraint.
4.1.2. An Outer Bound Based on Formulation 2. In order
to develop an alternative outer bound, we recall that the
nonconvexity of the formulation in (21a)–(21d) arises from
the posynomial equality constraint in (21d). An outer bound
can therefore be obtained by relaxing this constraint. In
particular, for all i ∈ {1, . . . , N } we replace the ith constraint
in (21d) by
K


Qi + NiK ≤ Si .

(22)

 =1

This relaxation may yield power partitions that do not add
up to unity, and hence the generated rates are not necessarily
decodable by the users. However, this constraint is in a GPcompatible posynomial inequality form and therefore can be
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used to develop an eﬃciently computable outer bound on the
SPCGS region.
4.2. An Inner Bound. The fact that the relaxation in
Section 4.1.2 leads to an outer bound can be verified by
observing that if (22) is satisfied with strict inequality, the
corresponding rate tuple might not be achievable because
the set {αi } does not necessarily represent a set of feasible
power partitions. On the other hand, any 
rate tuple for
which the corresponding set {αi } satisfies  αi = 1 is
achievable, and the set of such rate tuples forms an inner
bound on the SPCGS rate region. In order to
 eﬃciently
determine valid power partitions (that satisfy  αi = 1)
that yield (achievable) rates that are close to the boundary
of the SPCGS region, we will consider an auxiliary problem
in which we fix the value of the weighted sum rate and search
for a valid power partitioning that achieves this weighted sum
rate. One formulation of the auxiliary problem is as follows.
Let log(Z) denote twice the weighted sum rate. For a fixed
value of Z, solve
max



Qi

i,

(23a)

subject to
the posynomial inequality constraints in (21a)–(21c),
(23b)


Qi + Ni3 ≤ Si ,

(23c)


K


μ

tk k = Z.

(23d)

k=0

For the given value of Z, if the solution of (23a)–(23d)
satisfies (23c) with equality, the corresponding solution
represents a valid power partitioning and this value of Z
corresponds to twice a weighted sum of achievable rates.
However, if the solution does not satisfy (23c) with equality,
this value of Z corresponds to rates outside the SPCGS
rate region. Hence, our goal is to find the maximum value
of Z for which the solution of (23a)–(23d) satisfies (23c)
with equality. In order to do that, we require a method for
choosing the value of Z and a technique for solving (23a)–
(23d) in an eﬃcient manner.
In order to select appropriate values for Z we observe that
the optimal value of Z is a monotonically increasing function
of the total power
budget, P0 . In order to show that, we note
K
that Z = e2 k=1 μk Rk is a monotonically increasing function
of each of the rates {Rk }. For any valid power partition, each
rate Rk is the sum of terms of the form log((ai Pi + Ni )/(bi Pi +
j
Ni )), where ai ≥ bi . Now, (∂Rk /∂Pi ) = (ai − bi )Ni /(ai Pi +
j
j
Ni )(bi Pi + Ni ) > 0, which implies that the each rate is
monotonically increasing in the total power budget, P0 . Now
for any valid power allocation that corresponds 
to a point on
the boundary of the SPCGS rate region we have i, Qi = P0 .
Hence, if we assume that the optimization in (23a)–(23d) can
be solved exactly, one can perform bisection search over Z to
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find the largest value of Z for which the power partitions
that

maximize the objective in (23a)–(23d) satisfy i, Qi = P0 .
Note that in order to determine a search interval for the
bisection technique, one may solve the relaxed problem in
Section 3.2. Now, if fu is the optimum value of the relaxed
problem, then the optimal feasible value of Z for (23a)–(23d)
must lie in the interval [0, fu ].
We now consider solving (23a)–(23d). Observe that
although all the constraints in (23a)–(23d) are GP compatible, the objective is not GP compatible. One way to
find an inner bound is to use a monomial to approximate
the objective in (23a)–(23d). This approximation results
in a geometric program that can be eﬃciently solved. An
inner bound can then be found by using the bisection
technique described above to find the largest value of Z
for which maximizing the approximated objective yields a
valid power allocation. By varying the monomial used to
approximate the objective, one obtains a family of inner
bounds. Of course, it is desirable to find the outermost
inner bound. An eﬃcient technique for doing so is to
employ Signomial Programming (SP) [25]. In this technique,
the objective is iteratively approximated by the best fitting
monomial in the neighbourhood of the current iterate. Since
all the constraints in (23a)–(23d) are GP compatible, each
iteration in the signomial programming technique involves
the solution of a geometric program, and because the
objective is the only expression in (23a)–(23d) that is not
GP compatible, signomial programming is likely to provide
solutions that are close to optimal [24, 25]. In fact, our
numerical experiments show that for the scenarios in which
the capacity region can be computed exactly, the region
generated by the proposed algorithm almost coincides with
the capacity region; see Figure 5.
For completeness, we now describe the proposed algorithm in more detail. In signomial programming, the
set {Qi } is initialized by arbitrary values that satisfy the
constraints in 
(23a)–(23d). We then find the best fitting
monomial for i, Qi in the neighbourhood of the initial
values of {Qi } using the Taylor expansion in the logarithmic


γ

(0)

domain. This monomial takes the form i, (Qi ) i . Using
this approximation, we solve the following geometric program:
max



Qi

γi(0)

i,

(24)

subject to (23b)–(23d).
By solving this geometric program, we obtain a new set {Qi }.
This set is used to generate a new set of exponents {γi(1) }.
(For the current objective, the exponents that correspond to
the best fitting monomial at the rth iteration are given by
(r −1)
where β(r −1) is a positive scalar that is
γi(r) = β(r −1) (Qi )
 (r −1)
a function of all {(Qi )
}i, . Being positive and common
(r
−1)
to all exponents, β
can be dropped from the formulation
of the optimization program in (24).) We continue to iterate
in this manner until either the inequality constraint in (23c)
is satisfied with equality or the sequence of sets {γi(r) }r
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converges without (23c) being satisfied with equality. In the
former case, the SP approach has generated a solution to
(23a)–(23d) that satisfies (23c) with equality. Hence, the
current value of Z corresponds to twice the weighted sum
rate of an achievable rate tuple, and the next step is to use
the bisection rule to increase the value of Z and solve (23a)–
(23d) again. In the latter case, the SP approach has been
unable to find a solution to (9) that satisfies (23c) with
equality. While this does not necessarily mean that such a
solution does not exist, we adopt the conservative approach
and use the bisection rule to reduce Z and solve (23a)–
(23d) again. This conservative approach is the reason why
our approach generates an inner bound on the SPCGS rate
region rather than the SPCGS rate region itself, but it is also
the key to the computational eﬃciency of the algorithm.

5. Exact Convex Formulations—Special Cases
In the previous section we considered a general Gaussian
broadcast channel with N parallel subchannels and K users,
and we showed how to derive convex formulations for inner
and outer bounds on the SPCGS rate region. In this section
we provide exact convex formulations for three particular
instances of the general problem, namely, the 2-user case and
the case of K users with (independent) particular messages
only, and the SPCGS sum rate point of the general Kuser N-subchannel case. (For the first two cases, the SPCGS
rate region is known to be the capacity region [17, 21].)
Using these convex formulations, optimal power loads and
partitions for these three cases can be obtained using eﬃcient
interior point techniques.
5.1. Optimal Power Allocation for the 2-User Case. For this
case, the capacity region was shown in [17] to be the
same as the SPCGS rate region. Similar to the general case
considered in Proposition 1, the boundary of the 2-user
SPCGS rate region is parameterized by power loads and
partitions. Although the optimal values of these parameters
can be determined using the indirect Lagrange multiplier
search technique provided in [20], in this section we provide
a (precise) convex formulation that enables us to determine
those loads and partitions directly, and in a computationally
eﬃcient manner.
Recall that in our notation the degradedness condition
on each subchannel implies that Ni2 ≥ Ni1 . Let χk , k = 1, 2,
be the set of subchannels on which User k is the stronger user.
Using Proposition 1 and the logarithmic substitutions: R0 =
(1/2) log(t0 ), R1 = (1/2) log(t1 ) and R2 = (1/2) log(t2 ), we
formulate the weighted sum rate optimization problem as
max

2


μ
tk k

subject to

t0 ≤

 N 1 + Pi  N 2 + Pi
i
i

N1
i∈χ1 i

+ Qi i∈χ2 Ni2

+ Qi

 N 2 + Pi  N 1 + Pi
i
i
i∈χ1

 N 1 + Pi  N 2 + Pi
i
i

Ni1

i∈χ1

t0 t 2 ≤

Ni2 + Qi i∈χ2 Ni1 + Qi

,

Ni2 + Qi i∈χ2

Ni1

,
,

 N 1 + Pi  N 2 + Pi N 1 + Qi
i
i
i

t0 t 1 t 2 ≤

Ni1

i∈χ1

Ni2 + Qi

i∈χ2

Ni1

 N 2 + Pi N 1 + Qi  N 1 + Pi
i
i
i

t0 t1 t2 ≤

i∈χ1

Ni2 + Qi

Ni1

i∈χ2

Ni1

,
,

Pi ≤ P0 ,

i=1

0 ≤ Qi ≤ Pi ,

i = 1, . . . , N,

tk ≥ 1,

k = 0, . . . , 2,
(25)

where Qi = αi Pi , and αi is the power partition associated
with the stronger user on the ith subchannel. In order to
transform this optimization problem into a convex form, we
perform the variable substitutions
Si = Ni2 + Pi ,
Ni2

Ti = Ni1 + Qi ,

(26)

Ni1 .

−
Using these variable substitutions, and
and Δi =
the equivalent constraints in (14), the optimization problem
in (25) can be reformulated as
2


max

μ

tk k

k=0

subject to
t0



Ti xi

i∈χ1

t0





(Ti + Δi )Si−1 ≤ 1,

i∈χ2

(Ti + Δi )Si−1

i∈χ1

t0 t1



Ni1 xi

i∈χ1

t0 t 2







(Ti + Δi )Si−1 ≤ 1,

i∈χ2

(Ti + Δi )Si−1

i∈χ1

t0 t 1 t 2






Ni1 xi ≤ 1,

i∈χ2

Ni1 xi

i∈χ1

t0 t1 t2

Ti xi ≤ 1,

i∈χ2



(27)

Ni1 (Ti + Δi )Si−1 Ti−1 ≤ 1,

i∈χ2

Ni1 (Ti + Δi )Si−1 Ti−1

i∈χ1

Ni1 xi ≤ 1,

i = 1, . . . , N,

N


N


i=1

i=1

Ti ≥ Ni1 ,


i∈χ2

xi−1 + Δi ≤ Si ,

tk ≥ 1,
,

Ni2 + Qi

 N 2 + Pi  N 1 + Pi
i
i
i∈χ1

N


i∈χ2

Si ≤ P0 +

k=0

t0 ≤

t 0 t1 ≤

Ni2 ,

Ti + Δi ≤ Si ,
k = 0, . . . , 2.

The formulation in (27) is in the form of a convex geometric
program and the optimal values of Ti and Si , i = 1, . . . , N,
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can be eﬃciently found. Once Ti and Si have been computed,
one can use (26) to find the power loads {Pi } and the power
partitions {αi = Qi /Pi }.
5.2. Optimal Power Allocation for the Broadcast of Particular
Information to K users. The capacity region for the case in
which only particular information is to be transmitted to K
users over N parallel channels was considered in [21–23]. In
[21] the concept of utility functions was introduced. Using
the properties of these functions and a search for a Lagrange
multiplier, optimal power loads and power partitions were
determined algebraically. In this section we will present an
alternative eﬃcient numerical technique for determining
these loads and partitions through the solution of a convex
optimization problem. (This technique is similar to that
presented in [23] and was developed independently.) Using
our notation for the rate of particular information of User k,
Rk , the capacity region is the closure of all points of the form
[21]
N


Rk ≤



αiπi (k) Pi

πi (k)
−1 
Ni
+ π=i (k)
αi Pi
1

log 1 +

i=1

,

(28)



where k = 1, . . . , K, i = 1, . . . , N, K=1 αi = 1, and
i=1 Pi ≤ P0 . In order to simplify the notation, we will use
Qi to denote αi Pi and (1/2) log(tk ) to denote Rk . Finding
each point on the boundary of the capacity region and the
corresponding power loads and partitions is equivalent to
solving the following optimization problem for a given set

of weights {μk }Kk=1 that satisfy Kk=1 μk = 1:
K


{Ti }, one can readily obtain the required power partitions
{Qi }. We now examine the constraints in (29a)–(29e). The

set of constraints in (29b) can be rewritten as
tk

N 






Niπi (k) − Niπi (k)−1 + Tiπi (k)−1 ≤ 1.

(31)

i=1

Observe that because each subchannel is degraded, the
π j (i)
π j (i)−1
constant (N j − N j
) is greater than or equal to zero.
Hence, (31) is in the form of a posynomial constraint, and
can be easily incorporated in a geometric program. In order
to account for the constraints (29c), (29d), and (29e), we
observe that from (30) we have
Ti − Ti−1 = Ni − Ni−1 + Qi ,

(32)

where we will use the convention that Ti0 = 0. The set of
constraints in (29e) can now be expressed as
Ti ≥ Ti−1 + Ni − Ni−1 ,

∀i, .

(33)

This constraint is also in a posynomial format. Finally, we
observe that the constraints in (29c) and (29d) can be merged
together. In particular, the variables {Pi } can be eliminated.
Using (30), this will lead to the following constraint:
N


N


i=1

i=1

TiK ≤ P0 +

NiK .

(34)

Using these transformations, the weighted sum rate optimization problem in (29a)–(29e) can be recast in the
following convex format:

(29a)

K


max

μ

tk k

k=1

subject to
⎛
⎞⎛
⎞−1
πi (k)
π
N
i (k)

−1
(k)
(k)
π
π
i
i


tk ⎝ N
+
Q ⎠⎝N
+
Q⎠
i

i

i=1

i

i

 =1

≤ 1,

 =1

subject to
(29b)

Qi = Pi ,

tk

N 


Tiπi (k)

(29c)

N


TiK ≤ P0 +

i=1

N


Pi ≤ P0 ,

(29d)

i=1

tk ≥ 1,

k = 1, . . . , K.

(29e)

In its current form, the formulation in (29a)–(29e) is not
convex. The key to casting (29a)–(29e) in a convex form is
the change of variables
Ti = Ni +





r =1

Qir .

(30)

To begin with, we note that this substitution is one-to-one.
That is, once the problem is solved in terms of the variables

tk ≥ 1,



Niπi (k) − Niπi (k)−1 + Tiπi (k)−1 ≤ 1,

Ti ≥ Ti−1 + Ni − Ni−1 ,

i = 1, . . . , N,

∀i, ,

−1 

i=1

k = 1, . . . , K,

 =1

Qi ≥ 0,

−1 

μ

tk k

k=1

K


Tiπi (k)



N

max

11

N


(35)

∀i, ,

NiK ,

i=1

k = 1, . . . , K.

Once (35) has been solved, one can use (32) and (29c) to
obtain the required power loads and partitions.
5.3. Optimal Power Allocation for SPCGS Sum Rate Maximization. In Section 3.1 we expressed the points on the
boundary of the SPCGS rate region of a K-user Nsubchannel broadcast channel as the solution of the optimization problem in (16a)–(16f). As discussed in Section 3.1,
that problem is not convex for general values of the weights
{μk }. However, for the case in which all the weights are equal,
the objective in (16a)–(16f) corresponds to the sum of the
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common and particular SPCGS rates. We will now show
that finding the power loads and partitions that maximize
this sum rate can be cast a (convex) geometric program.
In order to do that, we observe that the constraints in
(16a)–(16f) that bound the sum rate can be extracted from
(16c) by setting L equal to K. It can be shown that in the
problem of maximizing the sum rate only these constraints
and the constraints in (16d)–(16f) can be active. That is,
the constraints in (16a) and (16b) and the constraints in
(16c) that correspond to L < K do not constrain the
optimal solution to the sum rate optimization problem.
In order to see that, we observe that solving (16a)–(16f)
with these constraints removed results in a relaxation of
the optimization problem. This relaxation yields an upper
bound on the maximum sum rate. However, the solution
of the relaxed problem provides power allocations that
satisfy the power constraints in (16d)–(16f) and achieve
this upper bound on the maximum sum rate. Hence, the
maximum sum rate that can be achieved by superposition
coding and Gaussian signalling, and the corresponding
power allocations, can be obtained by solving the relaxed
problem.
We now provide an explicit formulation of the relaxed
problem in a convex form. In order to do that, let the sum
rate RT be equal to (1/2) log(tT ), and note that by setting L to
be equal to K in (16c), we have miπi (k) (k1 , . . . , kL ) = πi (k) + 1.
Hence, the relaxed problem can be expressed as
max tT

(36a)

subject to
⎛
⎞
πi (k
N
1 )−1


πi (k1 )
 ⎠ πi (k1 )
⎝
N
+
Q x
tT
i

i

i=1

i

 =1

⎛



×

⎝N πi (k)
i

+

{k ∈{k2 ,...,kL }|πi (k)<πi (k1 )}

⎛
π (k)
×⎝Ni i +

π
i (k)
t =1

πi (k)
−1
r =1

⎞

Qir ⎠
(36b)

⎞−1

Qit ⎠

≤1

for all K! permutations of {1, . . . , K },
K
−1

Qi + NiK ≤ Si ,

Qi ≥ 0, ∀i, ,

(36c)

 =1





i

i

Si ≤ P0 +

 −1

xi

NiK ,

+ Δi ≤ Si ,

Si ≥ NiK ,
xi ≥ 0,

tT ≥ 1,

(36d)

i = 1, . . . , N,  = 1, . . . , K.
(36e)

In order to cast the optimization problem in (36a)–(36e) in a
convex form, we use the transformation in (30) to write the
constraints in (36b) in a posynomial form as

tT

N 

i=1

×



Niπi (k1 ) − Niπi (k1 )−1 + Tiπi (k1 )−1 xiπi (k1 )




Niπi (k) − Niπi (k)−1 + Tiπi (k)−1



{k ∈{k2 ,...,kL }|πi (k)<πi (k1 )}



π (k) −1
≤ 1.
× Ti i

(37)
Noting from (11) and (30) that Si is equal to TiK , the
constraints in (36c)–(36e) can be easily transformed into
posynomial inequality constraints using the same technique
that was used to formulate (35).
Remark 4. In addition to casting the SPCGS sum rate in a
convex form, it is also possible to show that by setting all
the particular rates equal to zero, one can cast the problem
of maximizing the common SPCGS rate as a GP. This can
be done by removing the constraints in (16b) and (16c) and
solving the resulting GP directly.

6. Numerical Example
In this section we will provide a numerical example based
on the 3-user 2-subchannel scenario depicted in Figure 2.
Although it is straightforward to particularize the general
formulation in (12a)–(12c) for this scenario, for completeness we have provided an explicit formulation in the
appendix. Using this formulation, we obtain formulations
for the outer and inner bounds on the SPCGS rate region
using the approaches described in Section 4.
The rate region for this scenario lies in a 4-dimensional
space (R0 , R1 , R2 , R3 ), which can be rather diﬃcult to visualize. Therefore, in Figures 3, 4, and 5 we will provide
exemplary cross-sections of the rate region for diﬀerent
values of the common information rate, R0 . The parameters
of the system model in Figure 2 were chosen by setting the
transmitted power, P0 , to be equal to 1, and picking the
values for the equivalent noise variances at random, such that
Ni < Ni+1 , i,  = 1, 2. In these figures we will show the
rate regions for a system with N11 = 0.3046, N12 = 0.4943,
N13 = 1.6877, N21 = 0.4822, N22 = 0.9050, and N23 =
1.0526. (Other results for this scenario are available in [26].)
Using the observation in Remark 4, the maximum common
information rate R0,max , can be eﬃciently computed, and in
this setting it is equal to 1.0534 nats per channel use.
As an initial illustration of the proposed approach, in
Figure 3 we show the regions of SPCGS achievable rate triples
(R1 , R2 , R3 ) that are obtained via the signomial programming
technique described in Section 4.2 for diﬀerent values of the
common information rate: R0 = 0, R0 = 0.4R0,max , and
R0 = 0.8R0,max . As can be seen from this figure, increasing
the rate of the common message simultaneously reduces
the maximum achievable rates for all particular messages; a
result that conforms with natural intuition.
In order to investigate the tightness of the proposed
inner and outer bounds on the set of SPCGS achievable
rates, in Figure 4 we provide a comparison between the
inner bound proposed in Section 4.2, which is obtained via
signomial programming and bisection search, and the outer
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Figure 3: The SPCGS rate regions obtained via signomial programming for R0 = 0, R0 = 0.4R0,max and R0 = 0.8R0,max .
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Figure 4: A comparison between the inner and outer bounds on
the SPCGS rate region at R0 = 0.4R0,max .

bound proposed in Section 4.1.1, which is obtained via a
geometric program. In particular, Figure 4(a) shows a 3dimensional plot of the inner and outer bounds on the rate
triples (R1 , R2 , R3 ) when the common information rate is set
at R0 = 0.4R0,max . For fixed values of R1 and R2 , the diﬀerence
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1

1.2
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Figure 5: Diﬀerence between the values of R3 on the boundary of
the capacity region for particular messaging (R0 = 0) and the values
of R3 generated by the proposed inner bound (for R0 = 0). The
boundary of the capacity region is marked by “∗”.

between the inner and the outer bounds on R3 in Figure 4(a)
is illustrated in Figure 4(b) using a 2-dimensional intensity
plot, with black and white colours corresponding to the
maximum and minimum diﬀerences, respectively. From this
figure, it can be seen that the maximum diﬀerence is about
0.07, corresponding to a relative diﬀerence of approximately
14.84%. It can also be seen from this Figure that although the
bounds do not agree on the entire rate region, they almost
coincide over a significant portion of it.
Finally, we investigate the tightness of the inner bound
when the rate of the common message is set to zero; that
is, R0 = 0. In that case, the SPCGS region coincides with
the capacity region, and can be precisely (and eﬃciently)
computed using the formulation in Section 5.2. In Figure 5,
the diﬀerence between the SPCGS rate region and the
proposed inner bound is illustrated using an intensity plot.
It can be seen from this plot that the maximum diﬀerence
is about 4.5 × 10−3 , which demonstrates the utility of the
proposed inner bound.

7. Conclusion
In this paper we have provided a general characterization
of the rate region that can be achieved by superposition
coding and Gaussian signalling (SPCGS) on a K-user Nsubchannel Gaussian broadcast system in which a common
message and particular messages are transmitted to the users.
We have also expressed the boundary points of this region
as the solution of an optimization problem. Although that
problem is not convex in the general case, it was used to
obtain eﬃciently computable inner and outer bounds on the
SPCGS rate region. In addition, we have provided precise
convex formulations for some important special cases of the
general problem, including two cases in which the SPCGS
rate region is known to be the capacity region (the 2-user
case and the K-user case with particular messages only), and
the K-user N-subchannel case in which only the SPCGS sum
rate is maximized.
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Using the transformation in (11), the rate region described
in (6a)–(6n) can be cast as
max

K
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1. Introduction
Recently, a new form of diversity, namely, cooperative diversity, has been introduced to enhance the performance of
wireless networks [1, 2]. It has been noticed that besides
smart cooperative diversity protocol engineering, eﬃcient
radio resource management also has profound impacts on
performance of wireless networks in general and relay networks in particular [3]. Consequently, there are numerous
works on radio resource (such as time, power, and bandwidth) allocation to improve performance of relay networks
(e.g., see [4–8] and references therein). However, a single
user scenario is typically considered in these existing works
which neglects and simplifies many important network-wide
aspects of cooperative diversity.
In this paper, we consider a more general and practical
network model, in which multiple sources and destination

pairs share radio resources from a set of relays. Note
that a preliminary version of a portion of this work has
been appeared in [9]. Although various relay models have
been studied, the simple two-hop relay model has attracted
extensive research attention [2–6, 10]. It is also assumed
in this work. In particular, each relay is delegated to assist
one or more users, especially when the number of relays is
(much) smaller than the number of users. A typical example
of such scenarios is the deployment of few relays in a cellular
network for both uplink and downlink transmissions. In
such scenarios, it is clear that the aforementioned resource
allocation schemes for single-user relay network cannot be
directly applied. Resource allocation in a multiuser system
should provide a certain degree of fairness for diﬀerent
users. Depending on underlying wireless applications, one
fairness criterion is more suitable than the others. Studying
the tradeoﬀ between fairness and network performance
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(e.g., network throughput) for multiuser relay networks is an
interesting but challenging problem, and thus, deserves more
investigation.
This paper considers resource allocation problems for
multiuser relay networks under two diﬀerent scenarios.
Particularly, we first consider applications in which users do
not have minimum rate requirements. This scenario is applicable for wireless networks which oﬀer best-eﬀort services.
Under the assumption that the channel state information
(CSI) of wireless links is available, we derive optimal power
allocation schemes to maximize either (i) the minimum
rate of all users (max-min fairness); or (ii) the weightedsum of rates (weighted-sum fairness). We show that the
corresponding optimization problems are convex; therefore,
their optimal power allocation solutions can be eﬃciently
obtained using standard convex programming algorithms.
Numerical results show that the max-min fairness provides
a significant performance improvement for the worst user(s)
at the cost of a loss in network throughout, while the
weighted-sum fairness provides larger network throughput.
In addition, by changing the weights of diﬀerent users,
we can diﬀerentiate users’ throughput performance which
would be useful in provisioning wireless networks with
nonhomogeneous services. In general, these formulations
provide diﬀerent tradeoﬀs between the network throughput
and fairness which can be chosen by network operators
depending on their oﬀering services.
Centralized implementation of power allocation schemes
requires a central controller to collect CSI of all wireless
links in order to find an optimal solution and distribute the
solution to the corresponding wireless nodes. This would
incur large communications overhead and render the power
allocation problem diﬃcult for online implementation. To
resolve this problem, we propose distributed implementation
for the power allocation which requires each user to collect
CSI only from its immediate neighbors. Such distributed
algorithm requires corresponding pricing information to be
transferred from relays to destination nodes and requested
power levels to be transferred in the reversed direction. An
iterative algorithm, which implements this strategy, should
converge to an optimal solution which must be the same as
that obtained by centralized implementation. The proposed
distributed algorithm can be used in infrastructureless
wireless networks such as sensor and ad hoc networks.
In addition, we also consider applications in which
users have minimum rate requirements to maintain their
QoS guarantees. Such applications include networks which
must provide QoS and/or real-time services such as voice
and video. Due to limitation of power resource, minimum
rate requirements for all users may not be satisfied simultaneously. This motivates the investigation of admission
control where users are not automatically admitted into the
network. Such the joint technique for another application
to multiuser downlink beamforming and admission control
has been first developed in [11]. In particular, we propose
an algorithm to solve the joint admission control and power
allocation problem. Such algorithm first aims at maximizing
the number of users that can be admitted while meeting
their minimum rate requirements. Then, optimal power

allocation is performed for the admitted users. We show
that this 2-stage optimization problem can be equivalently
reformulated as a single-stage problem which assists us in
developing a heuristic-based approach to eﬃciently solve
the underlying joint admission control and power allocation
problem. Through numerical analysis, we observe that the
power required by the heuristic algorithm is only slightly
larger than that required by the optimal solution using
exhaustive search. However, the complexity in terms of
running time of the former is much lower than that of the
latter. Since such heuristic-based approach uses convex optimization, the joint admission control and power allocation
problem can be solved eﬃciently even for large networks.
Note that although this paper considers similar problems
as in [12, 13], it is significantly diﬀerent from [12, 13],
especially in the system implementation and modeling. In
terms of mathematical methods, the approach used in this
paper is based on general convex optimization while that in
[12, 13] was based on geometric programming. Specifically,
it was assumed in [12, 13] that each user is relayed by
one relay. This current research considers a more general
scenario where one user is assisted by several relays and
focuses on eﬃcient power allocation to the relays. Moreover,
while this work assumes that one source transmit power is
independent of the others, sources were assumed to share
their power resource in [12, 13]. Another new contribution
in this paper is the development of a distributed power
allocation algorithm. In addition, although the admission
control concept is similar in both previous and current
works, a new heuristic algorithm is derived by relaxing the
binary variables, and user is dropped if it has largest gap
between its achievable rate and target rate. In [13], no such
binary relaxation was required and user was dropped because
it required the most power.
The rest of this paper is organized as follows. In Section 2,
a multiuser wireless relay model with multiple relays is
presented. Two power allocation problems are discussed in
Section 3, and their centralized implementation is developed. Section 4 presents a distributed algorithm to implement the power allocation scheme presented in Section 3.
The optimal joint admission control and power allocation
problem and its solution are presented in Section 5. Numerical results are given in Section 6, followed by the conclusion
in Section 7.

2. System Model and Assumptions
Consider a multiuser relay network where M source nodes
Si , i ∈ {1, . . . M } transmit data to their corresponding
destination nodes Di , i ∈ {1, . . . M }. There are L relay nodes
R j , j ∈ {1, . . . , L} which are employed to assist transmissions
from source to destination nodes. The set of relays assisting
the transmission of Si is denoted by R(Si ). The set of sources
using the R j relay is denoted by S(R j ), that is, S(R j ) =
{Si | R j ∈ R(Si )}. In other words, one particular relay
can forward data for several users. Amply-and-forward (AF)
cooperative diversity is assumed.
Orthogonal transmissions are used for simultaneous
transmissions among diﬀerent users by using diﬀerent
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at the relay R j with variance NR j . The channel gain includes
the eﬀects of path loss, shadowing, and fading. In the
second time interval, relay R j amplifies its received signal
and retransmits it to the destination node Di . After some
manipulations, the received signal at the destination node Di
can be written as

14 m

rRDji





=


PRSij PSi

D

S

R j ∈ R(Si ),

aR ji aRij xi + nDi ,
 2
 Si 
PSi aR j  + NR j

(2)
0

0

where aDR ji is the channel gain for link R j -Di , nDi is the AWGN
at the destination node Di with variance NDi , nDi is the
modified AWGN noise at Di with equivalent variance NDi +
2
2
(PRSij |aDR ji | NR j )/(PSi |aSRij | + NR j ). Assuming that maximumratio-combining is employed at the destination node Di , the
Signal-to-Noise Ratio (SNR) of the combined signal at the
destination node Di can be written as [2]

14 m
Source
Relay
Destination

Figure 1: Multiuser wireless relay network.

channels, (e.g., diﬀerent frequency bands) and time division
multiplexing is employed by AF cooperative diversity for
each user. One possible implementation for our considered
network model is as follows. The available bandwidth is
equally divided into as many bands as the number of
users. Each user is allocated one frequency band and
communication between each source and destination pair
via relay nodes is carried out in a time multiplexing manner
[2], that is, each source Si transmits data to its chosen relays
in the set R(Si ) in the first stage and each relay amplifies
and forwards its received signal to Di in the second stage.
Note that our approaches can still be used for other possible
implementations as long as the assumption of orthogonal
transmissions is satisfied.
The system model under investigation is illustrated in
Figure 1. Note that this model is quite general, and it covers
a large number of applications in diﬀerent network settings.
For example, this model can be applied to cellular wireless
networks which use relays for uplink with one destination
base station (BS) or downlink with one source BS and
many destinations. The model can also be directly applied to
multihop wireless networks such as sensor/ad hoc or wireless
mesh networks. Moreover, in our model, each source can be
assisted by one, several, or all available relays. Therefore, it
captures most relay models considered in literature.
Let PSi denote the power transmitted by Si . The power
transmitted by the relay R j ∈ R(Si ) for assisting the source
Si is denoted by PRSij . For simplicity, we present the signal
model for link Si -Di only. In the first time interval, source
Si broadcasts the signal xi with unit energy to the relays
R j ∈ R(Si ). The received signal at relay R j can be written
as

γi =

PRSij



Si Si
R j ∈R(Si ) αR j PR j

+ βRSij

,

(3)

where
αSRij = 


NR j


2
aSRij  PSi

βRSij = 


,

NDi NR j

 



2  i 2
aSRij  aD
R j  PSi

+


NDi

2 .
i
aD
Rj 

(4)
Note that we consider the case when the source-to-relay link
is (much) better than the source-to-destination link, which
is a typical outcome of a good relay selection by each source
node. This is a practical assumption since source nodes are
likely to use the closely located relays. The following lemma
is in order.
Lemma 1. The rate function of user Si defined as ri = log(1 +
γi ) (b/s/Hz) is a concave increasing function of PRSij , R j ∈
R(Si ).
Proof. We start by rewriting γi as
⎡

⎤

βRSij
1
1
⎣
⎦.
γi =
Si − Si . Si Si
αR j αR j PR j + βRSij
R j ∈R(Si ) αR j


(5)

(1)

It can be seen that γi is a concave increasing function of PRSij .
Furthermore, since the log function is concave increasing,
and using the composition rule [14], it can be concluded
that ri is concave increasing as well, that is, by increasing
the power allocated at the relays to user Si , its rate ri is
increased. In addition, the maximum achievable rate ri is
equal to log(1 + R j ∈R(Si ) 1/αSRij ). However, since ri is concave
increasing, the incremental increase of rate w.r.t. PRSij is
smaller for larger PRSij .

where aSRij denotes the channel gain for link Si -R j , nR j is the
additive circularly symmetric white Gaussian noise (AWGN)

The convexity and monotonicity properties of ri are
extremely useful. While the former helps to exploit convex



rRSij = PSi aSRij xi + nR j ,

R j ∈ R(Si ),
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programming, the latter provides some insights into optimization problems under consideration as will be shown
shortly.

problem (6a) and (6b) can be equivalently rewritten in a
standard form as

3. Power Allocation: Problem Formulations
In general, resource allocation in wireless networks should
take into account the fairness among users. It is known
that an attempt to maximize the sum rate of all users can
significantly degrade the performance of the worst user(s).
To balance fairness and throughput performance for all
users, we consider two diﬀerent optimization criteria for
developing power allocation algorithms. The first criterion
aims at maximizing minimum rate among all users. In
essence, this criterion tries to make rates of all users as equal
as possible. For the second criterion, users are given diﬀerent
weights, and power allocation is performed to maximize
the weighted-sum of rates for all users. In this case, large
weights can be allocated to users in unfavorable condition
in order to prevent severe degradation of their performance.
Moreover, this objective also captures the scenarios in which
one needs to perform QoS diﬀerentiation for users. Then,
the users of higher service priority can be allocated larger
weights. For both aforementioned optimization criteria, we
add constraints on the total maximum power that each relay
can use to assist the corresponding users.
3.1. Max-Min Rate Fairness-Based Power Allocation. The
power allocation problem under max-min rate fairness can
be mathematically formulated as
maximize
S
{PRij ≥0}

subject to:



Si ∈S(R j )

min ri ,

PRSij ≤ PRmax
,
j

Si

j = 1, . . . , L,

− t,

(7a)

i = 1, . . . , M,

(7b)

minimize
S

{PRij ≥0, t ≥0}

(6a)
(6b)

where PRmax
is the maximum power available in relay R j .
j
The left-hand side of (6b) is the total power that relay R j
allocates to its assisted users which is constrained to be less
than its maximum power budget. Instead of constraining
the transmit power for a particular relay as in (6b), we
can equivalently limit the sum of power transmitted by its
relayed source nodes, or limit its received sum of power.
This constraint is required to avoid overloading relays in the
network.
Numerical results show that although this power allocation criterion results in a loss in network throughput, it
helps to improve performance of the worst users. Therefore,
this criterion is applicable for networks in which all users
are (almost) equally important. This could be the case, for
example, when all wireless users pay the same subscription
fees, and thus, demand similar level of QoS. It can be seen
that the set of linear inequality constraints with positive variables in the optimization problem (6a) and (6b) is compact
and nonempty. Hence, the optimization problem (6a) and
(6b) is always feasible. Moreover, since the objective function
mini=1,...,M ri is an increasing function of the allocated powers,
the inequality constraints (6b) should be met with equality
at optimality. Introducing a new variable t, the optimization

subject to: t − ri ≤ 0,


PRSij
Si ∈S(R j )

≤

PRmax
,
j

j = 1, . . . , L.

(7c)

The objective function (7a) is linear, and thus, convex. The
constraints (7b) are convex due to Lemma 1, while the
constraints (7c) are linear, and thus, also convex. Therefore,
the optimization problem (7a)–(7c) is convex. Moreover, at
least one of the constraints (7b) must be met with equality
at optimality. Otherwise, t can be increased, or equivalently,
−t can be decreased, and thus, contradicting the optimality
assumption. The convexity of the formulated power allocation problem is very useful to obtain its optimal solution
by using any standard convex optimization algorithm such
as interior-point algorithms [14]. In the special case when
all users share the same set of relays, we have the following
result.
Proposition 1. Consider a special case when all users have the
same set of relays (e.g., users are assisted by all relays). Then the
rates of all users are equal at optimality.
Proof. Suppose that there is at least one user achieving the
rate strictly larger than the minimum rate at optimality.
Without loss of generality, let Ω be the set of users achieving
minimum rate and suppose that user l has rate larger than
that of any user i ∈ Ω at optimality. Note that there exists
at least one relay j which has nonzero allocated power
PRSlj > 0 at optimality. If we take an arbitrarily small amount
of power ΔP from PRSlj and allocate an amount of power
equal to ΔP/ |Ω| to each user i ∈ Ω, where |Ω| denotes
the cardinality of set Ω, then the resulting rate of user l
is still larger than the minimum rate of all users while we
can improve the minimum rates for all users in Ω. This
is a contradiction to the optimality condition. Hence, the
proposition is proved.
3.2. Weighted-Sum of Rates Fairness-Based Power Allocation.
As discussed above, the max-min rate fairness-based power
allocation tends to improve performance of the worst user
at the cost of total network throughput degradation. The
weighted-sum of rates maximization can potentially achieve
certain fairness for diﬀerent users by allocating large weights
to users in unfavorable channel conditions while maintaining
good network performance in general. Let wi denote the
allocated weight for user Si , then the weighted-sum of
rates based power allocation problem can be mathematically
posed as
maximize
S
{PRij ≥0}

subject to:



Si ∈S(R j )

M


wi ri ,

(8a)

i=1

PRSij ≤ PRmax
,
j

j = 1, . . . , L.

(8b)
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In general, users of higher priority are given larger weights.
Specifically, all users can be grouped into diﬀerent classes
and users in the same class are assigned same weight. It
can be seen that the constraints (8b) must be met with
equality at optimality. Otherwise, the allocated powers can
be increased to improve the objective value, that contradicts
the optimality assumption. In addition, it can be verified that
the optimization problem (8a) and (8b) is convex; therefore,
its optimal solution can be obtained by any standard convex
optimization algorithm.
We conclude this section by noting that power allocation
schemes based on other possible fairness criteria can also be
considered. For instance, the proportional fairness criterion
can be adopted. In terms of system-wide performance
metric such as the network throughput, this criterion can
ensure more fairness than the weighted-sum of rates, while
achieving better performance than the max-min fairness
in term of the network throughput [15]. It can be shown
that the objective function to be maximized for the pro
portional fairness-based power allocation scheme is M
i=1 ri .
Consequently, this objective function can be reformulated
as a convex function using the log function. Due to space
limitation, investigation of this scheme is not presented in
this paper.

4. Distributed Implementation for
Power Allocation

4.1. Dual Decomposition Approach. The main idea behind
the dual decomposition approach is to decompose the
original problem into independent subproblems that are
coordinated by a higher-level master dual problem. Toward
this end, we first write the Lagrangian function by relaxing
the total power constraint for all relays as follows:


L µ, PRSij =

M


wi ri −

i=1

L

j =1

⎛

⎞

⎜
⎟
μj⎝
PRSij − PRmax
⎠,
j

μj

j =1


Si ∈S(R j )

PRSij =

M




μ j PRSij ,

(10)

i=1 R j ∈R(Si )

the Lagrangian in (9) can be rewritten as


L µ, PRSij



⎡
M

⎢
= ⎣wi ri −
i=1


R j ∈R(Si )

⎤
⎥

μ j PRSij ⎦ +

L

j =1



 



L µ, PRSij .
g µ = max
S

(12)

PRij ≥0

Since the original optimization is convex and strong duality
holds, the solution of the underlying optimization problem
can be obtained by solving the corresponding dual problem
 

minimize
subject to: μ j ≥ 0,

g µ ,

(13a)

j = 1, . . . , L.

(13b)

The dual function in (12) can be found by solving the
following M separate subproblems, which correspond to M
diﬀerent users,




maximize Li µ, PRSij = wi ri −
subject to: PRSij ≥ 0,


R j ∈R(Si )

μ j PRSij ,

R j ∈ R(Si ),

(14a)
(14b)

where Li (µ, PRSij ) corresponds to the ith component of the
Lagrangian. Let L∗i (µ) be the optimal value of Li (µ, PRSij )
found by solving (14a) and (14b), then, the dual problem in
(13a) and (13b) can be rewritten as
minimize g µ =

M

i=1

subject to: μ j ≥ 0,

 

L∗i µ +

L

j =1

j = 1, . . . , L.

μ j PRmax
,
j

(15a)
(15b)

The distributed power allocation algorithm is developed by
iteratively and sequentially solving the problems (14a) and
(14b) and (15a) and (15b). This algorithm is known as
a primal-dual algorithm in optimization theory [14]. The
Lagrange multiplier μ j ≥ 0 represents the pricing coeﬃcient
for each unit power at relay j. Therefore, μ j PRSij can be seen
as the price which user Si must pay for using power PRSij at
each relay R j ∈ R(Si ). Then, the optimization problem (14a)
and (14b) as a whole can be seen as an attempt of user Si to
maximize its rate minus the total price that it has to pay given
the price coeﬃcients at relays. Moreover, the weight wi can be
seen as a “gain” coeﬃcient for each unit rate for user Si .

(9)

Si ∈S(R j )

where µ = μ j ≥ 0, j = 1, . . . , L are the Lagrange multipliers
corresponding to the L linear constraints on the maximum
powers available in relay nodes. Using the fact that
L


Then, the corresponding dual function of the Lagrangian can
be written as

 

To relax the need for centralized channel estimation and
to implement online power allocation for multiuser relay
networks, we propose a distributed algorithm for solving
the problem (8a) and (8b). The distributed algorithm is
developed based on the dual decomposition approach in
convex optimization (see, e.g., [16, 17] and references
therein). An application of this optimization technique for
distributed routing can be also found in [18].



5

μ j PRmax
. (11)
j

4.2. Implementation. The master dual problem is solved in
a distributed fashion with assistance of all relay. Specifically,
each relay R j first broadcasts its initial “price” value, that is,
Lagrange multipliers μ j , j = 1, . . . , M. These price values
are used by the receivers to compute the optimal power
levels that the relays should allocate to that particular user.
The optimal power values are then sent back to the relays,
so as to yield the next value of the Lagrange multipliers
μ j , j = 1, . . . , M. This procedure is repeated until the
solution converges to the optimal one.
Since the dual function g(µ) is diﬀerentiable, the master
dual problem (13a) and (13b) can be solved by using the
gradient method. The dual decomposition presented in (14a)
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and (14b) allows each user Si to find optimal allocated power
R j ∈ R(Si ) for given μ j as
⎧
⎫
⎪
⎪
⎨
⎬



PRSij µ |opt = arg max ⎪wi ri −
μ j PRSij ⎪,
⎩
⎭
R ∈R(S )
j

(16)

i

which is unique due to the strict concavity.
Using the fact that g(µ) is diﬀerentiable, the following
iterative gradient method can be used to update the dual
variables μ j , j = 1, . . . , M
⎡

⎛

⎜
⎢
−
μ j (t + 1) = ⎣μ j (t) − ζ ⎝PRmax
j



⎞⎤+
 ⎟⎥
µ(t) |opt ⎠⎦ ,

Si 

PR j

Si ∈S(R j )

(17)
where t is the iteration index, ζ is the suﬃciently small
positive step size, and [·]+ denotes the projection onto
the feasible set of nonnegative numbers. The dual variables
μ j (t), j = 1, . . . , M will converge to the dual optimal
μopt as t → ∞, and the primal variable PRSij (μ(t))|opt will
also converge to the primal optimal variable PRSij (μopt )|opt .
Updating μ j (t) based on (17) can be interpreted as the relay
R j updates its price depending on the requested levels from
its users. The price is increased when the total requested
power resource from users is larger than its maximum limit.
Otherwise, the price is decreased. This so-called “pricebased” allocation is very popular in wired networks to
control congestion, that is, rate control for Internet [19].
We summarize the distributed power allocation algorithm as
follows.
Distributed Power Allocation Algorithm.
(i) Parameters: The receiver of each user estimates/
collects its weighted coeﬃcient wi and channel gains
of its transmitter-relay and relay-receiver links.
(ii) Initialization: Set t = 0 and initialize μ j (0) for
each relay j equal to some nonnegative value and
broadcast this value.
(iii) Step 1. The receiver of user Si solves its problem (16)
and then sends the solution PRSij (µ(t))|opt to its relays.
(iv) Step 2. Each relay R j receives the requested power
levels and updates its prices with the gradient iteration (17) using the information received from the
receivers of its assisted users. Then, it broadcasts the
new value μ j (t + 1), j = 1, . . . , M.
(v) Step 3. Set t = t + 1 and go to Step 1 until satisfying
the stopping criterion.
The convergence proof of the general primal-dual algorithm can be found in [16, 17]. This algorithm requires
message exchange only between relays and their assisted
receivers. These message exchanges are performed using
single-hop communications. Therefore, the total overhead
would be the overhead involved in one message exchange

operation multiplied by the number of iterations. Moreover,
after optimal solution is first reached, the algorithm needs
very few iterations to reach its new optimal solution which
can be changed due to small changes in channel gains and
users’s partnership (i.e., a set of relays which help each user
may slightly change due to users’ mobility). In contrast, a
centralized algorithm would require the full knowledge of
all channel gains, relay power limits, and users’ partnership
information at a central controller before calculating an
optimal solution which is then forwarded to each user
for implementation. These information exchanges need to
be performed over multihop transmissions, and it has to
be done frequently due to frequent changes in wireless
channel and system parameters. Considering these factors,
our proposed distributed algorithm is clearly significantly
better than the centralized algorithm in terms of the data
overhead. The stopping criterion for the proposed algorithm
is that the diﬀerence of congestion prices and/or allocated
relay power in two consecutive iteration must be smaller than
a predetermined value (e.g., 10−6 ).

5. Joint Admission Control and
Power Allocation
As noticed before, if users have minimum rate requirements,
an admission control mechanism should be employed to
determine which users to be admitted into the network due
to limited power resources at relays. Then, radio resources
are allocated to admitted users in order to ensure that each
admitted user achieves the required QoS performance. This
scenario is important for real-time/multimedia applications.
5.1. Power Minimization-Based Allocation for Relay Networks.
Consider a resource allocation problem which aims at
minimizing the total relay power. In addition, each user has a
minimum rate requirement. For the above described wireless
systems with multiple users and multiple relays, the problem
of minimizing the transmit power given the constraints on
minimum rates for users can be mathematically posed as
minimize
S
{PRij ≥0}

subject to:

L


j =1 Si ∈S(R j )

ri ≥ rimin ,


Si ∈S(R j )



PRSij ,

i = 1, . . . , M,

PRSij ≤ PRmax
,
j

j = 1, . . . , L,

(18a)

(18b)
(18c)

where rimin denotes the minimum rate requirement for user
Si . There are instances in which the optimization problem
(18a)–(18c) becomes infeasible. A practical implication of
the infeasibility is that it is impossible to serve all M users at
their desired QoS requirements. In QoS-supported systems,
some users can be dropped or the rate targets can be relaxed
as a consequence. We investigate the former scenario and try
to maximize the number of users that can be admitted at
their minimum rate requirements.
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5.2. Joint Admission Control and Power Allocation. The joint
admission control and power allocation problem can be
mathematically posed as a two-stage optimization problem
[11]. All possible sets of admitted users S0 , S1 , . . . with possibly maximal cardinality (can be only one or several sets) are
found in the first admission control stage, while the optimal
set of admitted users Sk is the one among the sets S0 , S1 , . . .
which requires minimum transmit power in the second
power allocation stage. Once the candidate sets of admitted
users are determined, the power allocation problem can be
shown to be a convex programming problem. However, the
admission control problem is combinatorially hard, which
introduces high complexity for practical implementation.
Therefore, a low-complexity solution approach for the joint
admission control and power allocation problem is highly
desirable.
5.3. Reformulation of Joint Admission Control and Power
Allocation Problem. The admission control problem can be
mathematically written as
M


maximize
S

{si ∈{0,1}, PRij ≥0}

ri ≥ rimin si ,

subject to:



PRSij
Si ∈S(R j )

≤

{si ∈{0,1}, PRij ≥0}

si ,

(19a)

i=1

i = 1, . . . , M,

PRmax
,
j

j = 1, . . . , L,

(19b)
(19c)

subject to:

M


L


i=1

j =1 Si ∈S(R j )



(20a)

The constraints (19b), (19c),

(20b)

si − (1 − )

5.4. Proposed Algorithm. The following heuristic algorithm,
which has some similarities to the one in [11], can be used to
solve (20a) and (20b).
Joint Admission Control and Power Allocation Algorithm.
(i) Step 1. Set S := {Si | i = 1, . . . , M }.
(ii) Step 2. Solve convex problem (20a) and (20b) for the
sources in S with si being relaxed to be continuous
in the interval [0, 1]. Denote the resulting power
∗
allocation values as PRSij , j = 1, . . . , M.
(iii) Step 3. For each Si ∈ S, check whether
ri∗ ≥ rimin ,

∀Si ∈ S.

(21)

If this is the case, then stop and PRSij are power
allocation values. Otherwise, remove the user Si with
largest gap to its target rimin , that is,
"

#

Si = arg min ri∗ − rimin < 0 ,

(22)

Si ∈S

from the set S and go to Step 2.

PRSij ,



algorithm to perform joint admission control and power
allocation. Albeit theoretically suboptimal, the heuristic
algorithm performance very close to the optimal solution for
most testing instances summarized in the next section.

∗

where si , i = 1, . . . , M denotes the indicator function for
user Si , that is, si = 0 corresponds to the situation when
user Si is not admitted, while si = 1 means that user Si
is admitted. Note that the constraint (19b) is automatically
satisfied for the users who are not admitted. The indicator
variables help to represent the admission control problem in
a more compact form. However, the combinatorial nature of
the admission control problem still remains due to the binary
variables si .
Following the conversion steps similar to those used in
[11, 13], the joint admission control and power allocation
problem can be converted to the following one-stage optimization problem:
maximize
S

7

where  is some constant which is chosen such that
)/( j PRmax
+ 1) <  < 1.
( j PRmax
j
j
The problem (20a) and (20b) is a compact mathematical
formulation of the joint optimal admission control and
power allocation problem. Moreover, it is always feasible
since in the worst case no users are admitted, that is, si =
0, for all i = 1, . . . , M.
Although the original optimization problem (20a) and
(20b) is NP-hard, its relaxation for which si , i = 1, . . . , M
are allowed to be continuous can be shown to be a convex
programming problem by using Lemma 1. In the following subsection, we propose a reduced-complexity heuristic

It can be seen that after each iteration, either the set of
admitted users and the corresponding power allocation levels
are determined or one user is removed from the list of most
possibly admitted users. Since there are M initial users, the
complexity is bounded above by that of solving M convex
optimization problems with diﬀerent dimensions, where the
dimension of the problem depends on the iteration. It is
worth mentioning that the proposed reduced-complexity
algorithm always returns one solution.

6. Numerical Results
Consider a wireless relay network as shown in Figure 1
with ten users and three relays distributed in a twodimensional region of a size 14 m × 14 m. The relays are
fixed at coordinates (10, 7), (10, 10), and (10, 12). The source
and destination nodes are deployed randomly in the area
inside the box areas [(0, 0), (7, 14)] and [(12, 0), (14, 14)],
respectively. In our simulation, each user is assisted by two
relays. The noise power is taken to be equal to N0 = 10−5 .
All users and relays are assumed to have the same minimum
. The unit for
rate r min and maximum transmit power PRmax
j
the power is Watt (W) in our simulation. To evaluate the
eﬃciency of the proposed algorithm for the joint admission
control and power allocation, the performance of the optimal
algorithm by searching all possible user combinations is used
as a benchmark. We also adopt a convenient and informative
way proposed in [11] to represent the results. The CVX
software package [20] is used for solving convex programs
in our simulations.
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6.1. Numerical Results for Power Allocation Problem. In this
subsection, the locations of the source and destination nodes
are fixed and the source nodes transmit power PSi , i =
1, . . . , M are chosen to be 1. The channel gain for each
transmission link is aﬀected by the path loss and Rayleigh
fading. The pass loss component is a = [1/d]2 , where d is the
Euclidean distance between two transmission ends, while the
variance of the Rayleigh fading equals to 1 in our simulations.
Instantaneous channel fading gains are assumed to be known
and not varied during the time required to compute the solutions, that is, it is assumed that the algorithms can provide
their solutions faster than the time variation of the channel
fading. The results are averaged over 800 channel instances.

Figure 2 shows the data rate of the worst user(s) versus
for the proposed
relay maximum transmit power PRmax
j
allocation schemes: max-min rate fairness and weightedsum of rates fairness with equal weight coeﬃcients. The
equal power allocation (EPA) scheme in which each relay
distributes power equally among all relayed sources is
included as reference. It can be observed that the worst user
obtains the best rate under the max-min fairness scheme and
the worst rate under the weighted-sum fairness scheme with
equal weight coeﬃcients. Over the wide range of maximum
relay power, the best rate oﬀered by the max-min fairness
scheme has much smaller variation (about 0.12 b/s/Hz) than
the worst rate achieved by the weighted-sum of rates scheme
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Figure 6: Evolution of “price” values and power allocated at each
relay.

(with variation of about 0.35 b/s/Hz). In other words, as
expected, the weighted-sum of rates maximization based
power allocation scheme can introduce unfairness in terms
of the achievable rate of the worst user, especially when
relays have low-power limits. Moreover, it can be seen that
,
with large power available at the relays, that is, larger PRmax
j
all three schemes provide better performance for the worst
users, and thus, for all users.
In our second example, we show that by proper weight
setting, the weighted-sum of rates maximization based power
allocation scheme provides the flexibility required to support
users with diﬀerentiated service requirements. Particularly,
we suppose that users 1 and 2 have higher priority than
other users, and set the corresponding weights as w1 =
w2 = 5, w3 = · · · = w10 = 1 in the optimization
problem (8a) and (8b). Figure 3 displays the resulting rate
of the high-priority users. We observe that users 1 and
2 have indistinguishable performance, so only one curve
for each scheme is plotted. The results obtained by EPA
and by weighted-sum of rates maximization with equal
weight coeﬃcients are also plotted in the same figure for
reference. Over the wide range of the relay power limits, the
weighted-sum of rates maximization scheme outperforms
the EPA. The performance of the EPA is quite close to
that of the weighted-sum of rates maximization with equal
weight coeﬃcients. On the other hand, the weighted-sum of
rates maximization with unequal weight coeﬃcients provides
noticeable rate enhancement to the high-priority users as
compared to other users, especially when the relays have
severe power limitation, for example, a rate gain of about
= 10. Both Figures 2 and 3 indicate
0.2 b/s/Hz when PRmax
j
that the performance diﬀerence between diﬀerent algorithms
becomes smaller for larger relay power limits. In other words,
this reveals an interesting property that when the relays have
more (or unlimited) available power, diﬀerent (relay) power
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allocation strategies have much less impact on the user rate
performance, which is limited by the source transmit power
in this case.
Figure 4 shows the network throughput for the aforementioned power allocation schemes. It can be seen that
there is a significant loss in the network throughput for
the max-min rate fairness-based power allocation scheme,
since the objective is to improve the performance of the
worst users. This confirms that achieving the max-min
fairness among users results in a performance loss for the
whole system. It can be also seen that the weighted-sum of
rates fairness-based scheme results in maximum throughput.
Moreover, the rate gain of the weighted-sum of rates scheme
over the EPA scheme is about 1.8 b/s/Hz over the range of
the relay power limits. This gain comes at the cost of higher
complexity in system implementation to optimize the power
levels. The weighted-sum of rates based scheme with unequal
weights achieves slightly worse performance as compared to
its counterpart with equal weights while providing better
performance for the high priority users, that is, users 1 and 2
in Figure 3.
In the next example, we study the fairness behavior by
showing the fairness index which is calculated as FI =
2
M 2
( M
i=1 ri ) /(M i=1 ri ) [21] for diﬀerent power allocation
schemes. Specifically, we plot the fairness index versus PRmax
j
in Figure 5. The fairness index is closer to 1 when the
power allocation, or equivalently rate allocation, becomes
fairer. Clearly, the max-min fairness scheme achieves the best
fairness for all the users, and the weight-sum of rates fairness
scheme is least fair. It is implied from Figures 2, 3, 4, and 5
that our proposed approaches equip network operators with
diﬀerent design options each of which presents a diﬀerent
tradeoﬀ between throughput and fairness for the users.
Figures 6 and 7 show the evolution of diﬀerent parameters of the proposed distributed algorithm for a specific channel realization. Particularly, Figure 6 shows the evolution of
the price values μ j , j = 1, 2, 3 and the power at each relay.
Figure 7 displays the rates for all ten users and the sum rate
of all users. The update parameter ζ is set to 0.001. With such
choice of parameter, we can see that after about 50 updates,
the algorithm converges to the optimal solution obtained by
solving the optimization problem centrally.
6.2. Results for Joint Admission Control-Power Allocation. In
this subsection, QoS requirements for users will be presented
in minimum rate and/or the corresponding minimum SNR
(there is one-to-one mapping between these two quantities).
Figure 8 displays the power required at the relays for all
users to achieve a minimum γmin when PSi = 10. To obtain
this figure, we solve the optimization problem (18a)–(18c)
without the constraint (18c) and plot the optimal values
of the objective function (18a), the minimum, and the
maximum powers. It can be seen that to satisfy users with
higher SNR requirements, that is, better QoS, more power
is required. Moreover, Figure 8 shows that when admission
control is needed in limited power systems. For example,
when the total power available at the relays is constrained
to be less than some value, let us say 30, we cannot meet

10

EURASIP Journal on Wireless Communications and Networking
Table 1: Simulation cases and results with PSi = 1, PRmax
= 10
j
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Figure 7: Evolution of data rate for each user and user sum rate.
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50
40
30
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SNR/rate
# users served
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Transmit power
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Transmit power
Running time
SNR/rate
# users served
Users served
Transmit power
Running time
SNR/rate
# users served
Users served
Transmit power
Running time
SNR/rate
# users served
Users served
Transmit power
Running time

Optimum allocation
12 dB/4.0746 b/s/Hz
9
1, 2, 3, 4, 6, 7, 8, 9, 10
20.3619
18.72
13 dB/4.3891 b/s/Hz
6
1, 2, 7, 8, 9, 10
22.9531
2, 3, 7, 8, 9, 10
23.7717
458.07
14 dB/4.7070 b/s/Hz
4
7, 8, 9, 10
25.6046
850.28
15 dB/5.0278 b/s/Hz
2
8, 10
7.5310
930.11
16 dB/5.3509 b/s/Hz
1
8
9.8002
931.11

Proposed algorithm
12 dB/4.0746 b/s/Hz
9
1, 2, 3, 4, 6, 7, 8, 9, 10
20.4446
5.39
13 dB/4.3891 b/s/Hz
6
1, 2, 7, 8, 9, 10
23.0342
—
—
9.60
14 dB/4.7070 b/s/Hz
4
7, 8, 9, 10
25.6195
11.78
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2
8, 10
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12.92
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Figure 8: Required relay power.

the SNR target γimin ≥ 18 dB for all users. In such a case,
admission control is necessary to drop some users.
In this simulation example, we investigate the performance of the proposed joint admission control and power
allocation algorithm with PSi = 1 and diﬀerent minimum
∈
SNR/rate requirements as shown in Tables 1 and 2 for PRmax
j
{10, 20}. It is assumed that the channel gain is due to the
path loss only and the locations of the source and destination
nodes are fixed. Diﬀerent values of γimin /rimin have been used.
For reference, we also consider the optimal admission control
and power allocation scheme using exhaustive search over all
feasible user subsets. A feasible user subset contains the maximum possible number of users and is selected as the optimum
user subset if it requires the smallest transmit power. The

simulation parameters and the performance results for the
optimal admission control and power allocation scheme,
and the proposed heuristic scheme are recorded in the
columns “optimum allocation” and “proposed algorithm”,
respectively. Note that the running time is measured in seconds. It can be seen that the proposed algorithm determines
exactly the optimal number of admitted users in all cases
= 20, γimin = 13 dB. The transmit power
except when PRmax
j
required by our proposed algorithm is just marginally larger
than that required by the optimal admission control and
power allocation based on exhaustive search. However, the
running time for the proposed algorithm is dramatically
smaller than that required by the optimal one. This makes the
proposed approach attractive for practical implementation.
As expected, when γimin increases, a smaller number of users
is admitted with a fixed amount of power. For example, when
= 10, nine users and four users are admitted with SNR
PRmax
j
γimin = 12 dB and 14 dB, respectively. Similarly, when the
relays have more available power, a larger number of users are
likely to be admitted for a given γimin threshold. For instance,
when γimin = 13 dB, eight and six users are admitted with
= 20 and 10, respectively.
PRmax
j
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Table 2: Simulation cases and results with PSi = 1, PRmax
= 20.
j

SNR/rate
# users served
Users served
Transmit power
Users served
Transmit power
Users served
Transmit power
SNR/rate
# users served
Users served
Transmit power
SNR/rate
# users served
Users served
Transmit power

Optimum allocation
13 dB/4.3891 b/s/Hz
8
1, 2, 3, 4, 7, 8, 9, 10
47.8044
1, 2, 4, 6, 7, 8, 9, 10
52.9265
2, 3, 4, 6, 7, 8, 9, 10
53.8572
14 dB/4.707 b/s/Hz
5
2, 7, 8, 9, 10
45.1756
15 dB/5.0278 b/s/Hz
2
8, 10
7.5310

Proposed algorithm
13 dB/4.3891 b/s/Hz
8
1, 2, 4, 6, 7, 8, 9, 10
53.0789
—
—
—
—
14 dB/4.707 b/s/Hz
5
2, 7, 8, 9, 10
45.2087
15 dB/5.0278 b/s/Hz
2
8, 10
7.5818

Table 3: Performance comparison with PSi = 1, PRmax
= 10 (20
j
runs).
SNR/rate
INFO 1
INFO 2
INFO 3
INFO 4
INFO 5

12 dB/4.0746 b/s/Hz
0
20
19
1.23%
≈38

13 dB/4.3891 b/s/Hz
0
20
18
1.31%
≈50

In the last example, we provide a comparative investigation on the performance of our proposed algorithm
and the optimal algorithm. Due to a long running time
required to obtain intensive results for the optimal algorithm
based on the exhaustive search, only 20 diﬀerent sets of
data for each γimin /rimin are tested. Each set of data has
diﬀerent locations for source and destination nodes which
are generated randomly. All other parameters remain the
= 10, PSi = 1, and the SNR
same, for example, PRmax
j
min
thresholds γi ∈ {12 dB, 13 dB}, i = 1, . . . , 10. The results
are shown in Table 3 in terms of the following comparison
metrics: (INFO 1) is the number of simulation runs in
which the proposed algorithm provides diﬀerent number of
admitted users as compared to the optimum allocation using
exhaustive search; (INFO 2) is the number of simulation
runs in which the algorithms provide the same number
of admitted users as the optimum algorithm; (INFO 3) is
the number of cases in which both algorithms provide
the same set of admitted users; (INFO 4) and (INFO 5)
show, respectively, the average increase percentage in the
required power and the average improvement ratio in running
time oﬀered by the proposed algorithm as compared to
the optimum allocation using exhaustive search. We can
see that the proposed algorithm performs remarkably well
with dramatically smaller running time as compared to
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the optimal algorithm, while the performance loss in the
required power is acceptable.

7. Conclusion
In this paper, two power allocation schemes have been
proposed for wireless multiuser relay networks based on
amplify-and-forward cooperative diversity to maximize
either the minimum rate among all users or the weightedsum of rates. The proposed approaches make use of a computationally eﬃcient convex programing. The distributed
algorithm for the weighted-sum of rates maximization based
power allocation has been also developed by using the dual
decomposition approach. Numerical results demonstrate the
eﬀectiveness of the proposed methods and reveal interesting
tradeoﬀ between throughput and fairness for diﬀerent power
allocation schemes. Moreover, the joint admission control
and power control algorithm for the scenario in which users
have minimum rate requirements which aims at minimizing
total relay power has been developed. Because the underlying
problem is nonconvex and combinatorially hard, the suboptimal algorithm which achieves excellent admission control
performance while requiring moderate computational cost
is proposed. However, whether distributed joint admission
control and power allocation is possible remains an interesting open research problem.
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Battery-powered wireless systems running media applications have tight constraints on energy, CPU, and network capacity, and
therefore require the careful allocation of these limited resources to maximize the system’s performance while avoiding resource
overruns. Usually, resource-allocation problems are solved using standard knapsack-solving techniques. However, when allocating
conservable resources like energy (which unlike CPU and network remain available for later use if they are not used immediately)
knapsack solutions suﬀer from excessive computational complexity, leading to the use of suboptimal heuristics. We show that use
of Lagrangian optimization provides a fast, elegant, and, for convex problems, optimal solution to the allocation of energy across
applications as they enter and leave the system, even if the exact sequence and timing of their entrances and exits is not known.
This permits significant increases in achieved utility compared to heuristics in common use. As our framework requires only a
stochastic description of future workloads, and not a full schedule, we also significantly expand the scope of systems that can be
optimized.
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1. Introduction
The goal of resource allocation is to assign a system’s
resources to applications in the way that maximizes the
system’s utility to the user. Resource allocation is in general a
diﬃcult problem, and as a result the allocation of resources
to multiple applications in a multimedia system has seen
considerable research. Ideally, we would be able to allocate
resources—CPU time, network bandwidth, energy—in a
way that best reflects the user’s needs and hence maximizes
the utility achieved by the user.
We specifically consider the case of a mobile system that
performs several simultaneous tasks, each of which can be
reconfigured in several modes with a variety of diﬀerent CPU
and network utilizations. Each of the modes is associated
with a specific utility value that represents the quality of
service in some way that is meaningful to the user.
In the traditional problem setup, allocation is done by
assuming that the same tasks will run from startup until
a specified future time [1]. If this is the case, the energy
constraint and runtime constraint can be converted into a
single constraint on power consumption, and the allocation

problem can then be converted into an ordinary knapsack
problem, subject to the constraints on network load, CPU
load, and system power. Although the resulting allocation
problem is an NP-hard knapsack problem, it is usually small
enough to be computationally tractable and also tends to be
amenable to fast heuristic solutions [2, 3].
In the context of unvarying workloads, the available
energy and requested runtime are converted into a power
constraint, and the resulting allocation is optimal if the
system is allowed to run until the battery is exhausted.
However, the runtime may be longer than requested due to
the discrete selection of available application configurations.
The allocation problem where all workloads vary, but are
all known in advance, can be solved using a straightforward
extension of the techniques used for a single workload:
the conversion to a knapsack problem by simultaneously
considering all sets of applications. In this form, the energy
constraint would be left unconverted, and the knapsack
problem would optimize utility over all sets of applications
that run during the battey’s lifetime. In this case, there is
a set of four constraints: CPU time, network bandwidth,
desired runtime, and total energy available. However, this
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optimization problem is particularly complex as it requires
the evaluation of a cross product of all configurations for
each set of applications that will run during the entire
running time of the system.
Due to the complexity of this optimization problem,
various simplifications have been proposed. One approach
to solve the energy-allocation problem involves creating
a list of applications that will run in the future, and
allocating energy to each of these applications in priority
order [4]. Although this greedy heuristic can approach
optimality if applications are being admitted only and do
not have variable utility, it does not support applications
with multiple possible utility levels and does not always have
a clear ordering when multiple resources are considered.
Another approach involves the use of various suboptimal
optimization strategies, including the integer programming
techniques described by Lee [3] and a fast heuristic solution
to the underlying multidimensional multichoice knapsack
described by Moser [2].
There is also an important class of problems in this family
that have not been addressed in the literature; cases where the
workload schedule is not known in advance, and instead only
a probability distribution of workloads is known.
The theory of Lagrangian optimization [5] oﬀers a
framework in which we can optimally allocate resources
under relatively weak convexity assumptions, and hence
provides an approach we can take to solve this entire class
of allocation problems without needing to solve a full NPhard optimization problem. In addition to providing a direct
solution to the scheduling of multiple workloads known in
advance, the Lagrangian approach also allows us to solve
the allocation problem stochastically, permitting statisically
optimal allocations to be made even if we have only a
probability distribution of the workloads that are to be
run. In other words, through the use of the Lagrangian
framework, we must know only what might run, and not
necessarily if or when.

2. Stochastic Allocation Problem
Consider a battery-powered wireless security monitor system
consisting of a controller and multiple cameras, placed to
monitor an area for specified period of time. For much
of the time, the area it is monitoring shows nothing of
interest, and the utility gained by providing a high-quality
representation of the area is low. Sometimes we may know
when interesting events (such as a person appearing within
the view of the camera) will occur; for example, when the
facility being monitored opens and closes. But also consider
the case where, while , for example, we may know from prior
experience that 20% of the time, events of interest will occur,
we do not know in advance exactly when these events will
occur or which camera or cameras will see them. In either
case, it is important that all of the cameras operate for the
entire requested interval, and that when events of interest
occur we get high-quality video from all of the cameras that
have views of the events. This setup describes a stochastic
allocation problem, which we analyze as a variant of the

prescheduled workload problem described in [4]. Unlike the
setup in [4], instead of having a list of workloads and the
time periods that they are active, we have a list of potential
or representative workloads, and probabilities that they are
active at any given time instant.
This setup describes a stochastic allocation problem that
diﬀers from problems previously solved in the literature
in that not only are applications entering and exiting the
system, but they are doing so in an unscheduled and
unpredictable way. We know in advance only that the tasks
may appear with a certain probability, not when or even if
they will.
2.1. Utility Model. The utility model we use is that each
application configuration is assigned a “utility rate” that is
additive across applications and time. In other words, if
we select a particular application configuration, we credit
the system with its corresponding utility for as long as that
configuration is active. We further assume that the utility
of the application configurations increases as the resource
utilization increases, and that the utility/energy curve of the
applications being optimized is convex or nearly so, which
implies a diminishing return in utility as more energy is
expended.
For our experiments, we assigned increasing utility rates
to application configurations as the frame rate and number
of quantizer steps are increased. However, our utility model
is general enough to permit the replacement of these assigned
utilities with values that better reflect the actual utility of the
tasks, for example, by assigning utility based on perceptual
values of video quality derived from human trials.
2.2. Problem Formulation. Inputs to this optimization problem are an application list and the state of the system. Each
application entry includes data providing estimates of the
CPU utilization, network utilization, and utility associated
with each configuration for the application. Network and
CPU constraints are implemented using these utilization
values, which represent a fraction of the total network and
CPU time available used for a particular application. To avoid
overloading the resource, the total utilization of both the
CPU and the network must be less than or equal to 1.
Each application is represented with a unique ID app;
freqapp represents the CPU operating frequency for a particular application, and confapp is the selected configuration
ID for the application. Applications entering and leaving the
system result in a switch to a new workload. The utility of
a particular workload is equal to the sum of the selected
configurations of all applications running in a particular
workload. The objective of the optimization is to maximize
the integral of the sum of instant utilities of all running
applications over the desired system runtime, such that at
no point the CPU and network bounds are exceeded and the
total energy consumed over the specified runtime runtime is
less than or equal to the starting battery energy Ebatt .
We define the term Pr(i) to be the probability of
workload i—that is, a combination of applications we index
using i—being active at any given time instant. In other
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words, it is the probability that the system is running that
particular combination of applications. We further assume
independence of applications running at diﬀerent times.
While this assumption is generally false, if battery lifetime is
long enough, the actual distribution of applications running
during the lifetime of the battery will be close to the a priori
probabilities. Pavg is computed as:
Pavg =

Ebatt
.
runtime

(1)

With these assumptions, the stochastic resource allocation problem can be stated as
max



confsi , freqi

Pr(i)

i





U app, confi,app



Pr(i)

i

∀i,

 
appsi

appsi

∀i,



P app, confi,app , freqi,app ≤ Pavg ,

 




C app, confi,app , freqi,app ≤ 1,


application configurations selected in the current workload,
the average power constraint depends on the configurations
chosen for all applications in every workload that may
potentially execute on the system. This means that the
knapsack optimizer must evaluate all configurations for all
applications across all workloads, which rapidly becomes
computationally prohibitive as the number of applications
and potential workloads increases. Suboptimal solutions
such as the approximation algorithm presented in [2] can
reduce the required computation, but even the use of these
suboptimal approximations still leaves a large computationally complex problem.

3. Lagrangian Optimization

appsi

subject to


3



N app, confi,app ≤ 1,

appsi

(2)
where
(i) Pavg : average total system power (in Watts);
(ii) Pr(i): probability of workload i being active at any
given time instant;
(iii) U(t, app, conf): average utility (integrated over time);
(iv) P(t, app, conf, freq): average power in Watts;
(v) C(t, app, conf, freq): normalized CPU utilization (0
to 1);
(vi) N(t, app, conf): normalized network utilization (0 to
1).
Note that in this context, the energy constraint, and
hence the average power constraint, is special because it
extends across all workloads in the system. If a particular
workload uses less energy than the average, another workload
can use more. This is because energy that is not used is conserved for later use. The conservability of energy means that
energy and power must be treated diﬀerently when solving
the optimization problem, and it causes a dependency across
workloads when finding optimal application configurations.
2.3. Naive Solution. Because the average power is added
across diﬀerent workloads in the stochastic allocation problem above, the allocation algorithm is equivalent to solving
one instance of the NP-hard multidimensional multichoice
knapsack problem (formally defined in [2]) which optimizes
over every application and workload, choosing exactly
one configuration for each application in every workload.
Although the CPU and network constraint is aﬀected only by

Solving a constrained problem is generally diﬃcult. Specifically, the direct solution to a constrained optimization
problem described in the previous section is equivalent to
solving an NP-hard knapsack, where the knapsack represents
the energy contained in the battery and the items that can be
placed in the knapsack represent the various configurations
of the tasks that run during the lifetime of the battery. To
make matters worse, because tasks can enter and leave the
system, it is not optimal to simply optimize for the current
workload (as is done in [1]); if low-utility tasks enter the
system early, they will “soak up” more than their share of
energy from the battery, leaving little energy for high-utility
tasks that arrive later. As a result, we cannot simply optimize
for the tasks that are available now; we must optimize over
the entire schedule of tasks that will arrive between the
system’s startup time and the time the battery is exhausted.
Because the underlying knapsack problem is nonpolynomial in complexity, this is a combinatorial explosion.
To optimize over two diﬀerent workloads that appear at
diﬀerent times, we must (in the worst case) evaluate every
combination of application configurations in the first workload and every combination of application configurations
in the second workload pairwise. In other words, the
computational time required increases exponentially as the
number of diﬀerent workloads increases.
Because the combinatorial explosion that results when
we must jointly optimize across varying workloads, we
wanted to find a way to optimize the performance of
a battery-operated system while keeping the optimization
“local” to a particular workload and therefore tractable. One
tool that can be used to do this is Lagrangian optimization.
3.1. Lagrangian Construction. The core idea of the
Lagrangian approach to optimization [5] is that the
constraints in a constrained optimization problem can
be replaced with a Lagrange multiplier λ by rewriting a
constrained problem in the form of
max
•


i

Ai (·) s.t.


i

Bi (·) ≤ C,

(3)

using the form
minJ(λ) =
•


i

− Ai (·) + λBi (·).

(4)
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Instead of having the constraint Bi inside a maximization
operator, we have only a linear combination of the utility
analog Ai and the constrained functions Bi . The constraint
C has been removed; it will be used to pick a particular value
of λ but does not directly aﬀect the minimization.
In this construction, the Lagrange multiplier λ represents
a particular tradeoﬀ between the term being maximized
A and the constrained term B. This formulation can in
fact be generalized to an arbitrary number of constraints
by introducing a separate Lagrange multiplier λk for each
constraint to be eliminated.

Since parameter set x must not use the resource B more
than parameter set x∗ ,

i

max





i

i

x1 ···xn

Ai (xi ) s.t.

Bi (xi ) ≤ C.

(5)

If the optimization problem takes this form, then when the
original problem is reformulated as a Lagrangian it becomes
min J(λ) =



x1 ···xn

i

− Ai (xi ) + λBi (xi ).

(6)

The summation and the minimization in (6) can be swapped,
leaving
J(λ) =


i

min[−Ai (xi ) + λBi (xi )]

(7)

xi

and reducing the problem from a joint maximization over
the set of all x1 · · · xn to a set of n optimizations over a single
variable xi .
3.3. Optimality of the Lagrangian Formulation. Before the
Lagrangian reformulation is used to solve an optimization
problem, it is important to understand when and why it
is equivalent to directly solving the original constrained
optimization problem. This equivalence was shown for the
general case with multiple Lagrange multipliers by Everett
[5]; for clarity I summarize his argument for the multiplecell, single-λ case of (7) here.
Theorem 1. For any nonnegative
real number λ, if x∗

∗
minimizes
the
function
−
A
(x
)
+
λB
i (xi ), x maximizes
i i i

∗
i Ai (xi ) over all x such that
i Bi (xi ) ≤
i Bi (xi ).
Proof. Because x∗ minimizes


i

i



i −Ai (xi ) + λBi (xi ),

 
  
− Ai xi∗ + λBi xi∗ ≤
− Ai (xi ) + λBi (xi ),
i


     
− Ai xi∗ + λBi xi∗ ≤
− Ai (xi ) + λBi (xi ),
i

⎡

i

i

⎤


  
 ∗ 
− Ai x + Ai (xi ) ≤ λ⎣ Bi (xi ) − Bi x∗ ⎦.
i

i

i

i

i

i

(8)

 
i

Bi xi∗



(9)

and thus the number in brackets is less than or equal to zero.
Since λ ≥ 0, we can remove it from the inequality, leaving

i

3.2. Lagrangian Optimization of Independent Cells. The
Lagrangian form of the optimization problem is ideally
suited for the particular case where the functions Ai and Bi
in (3) can be split into independent “cells” [5] that can be
summed to calculate the value of J(λ). For this special case,
the original optimization problem takes the specific form

Bi (xi ) ≤

  
− A xi∗ + A(xi ) ≤ 0,

i

A(xi ) ≤

i

 
i

A xi∗



(10)

and therefore x∗ satisfies the original optimization problem.
In other words, if we solve the reformulated problem
for

some λ ≥ 0 and get back a configuration for which i Bi (xi )
is C, for that particular C and λ the solutions of the
constrained and unconstrained optimization problems are
identical.
3.4. Completeness: Can We Find λ Matching C ? Although we
have proven that any solution found using the unconstrained
Lagrangian form is in fact a solution to the original
constrained optimization problem, we have not proven that
we can find a solution corresponding to a particular value
for C. In fact, not all values of C that can be reached with
equality in the constrained form of the optimization can be
achieved in the Lagrangian form; specifically, a particular
value for C can be “found” by the Lagrangian optimization
if it lies on a convex portion of the payoﬀ verses resource use
curve [5]. In other words,
 if a scatter plot is built using the
resource
consumption
i Bi (xi ) on the x-axis and the payoﬀ

i Ai (xi ) on the y-axis for all possible configuration sets x,
the Lagrangian optimizer will be able to match any values of
C that correspond to points on the convex hull of this scatter
plot.
If the desired value of C does not correspond to a point
on the convex hull of the resource-payoﬀ scatter plot, when
we search for an appropriate value of λ, we will locate
the value of λ that selects the point on the convex hull
that comes closest to consuming the desired amount of the
resource. This selection is still “optimal” in the sense that
no other configuration achieves a greater payoﬀ for the same
or lesser resource utilization; however, selection of another
point could result in a higher total payoﬀ by using more of
the available resource.
3.5. Finding λ: Bisection Search Strategy. The convexity
property of the Lagrangian optimization can also be used to
create a fast strategy for finding 
a value for λ that matches
the actual resource consumption i Bi (xi ) against the desired
resource consumption C.
Because of this convexity, increasing values of λ will
result in a monotonically increasing use of the constrained
resource, so an eﬃcient bisection search technique presented
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by Krongold [6] can be used to find the value of λ corresponding to the desired constraint. This bisection search
works by starting with low and high values of λ; initially, zero
and a value of λ suﬃciently high to dominate the Ai term
are used, and J(λ) is calculated for each of these values. For
each iteration, a new value of λ is set at the midpoint of these
two values, and its corresponding J(λ) is computed. If the
resource utilization realized from the new λ is greater than
the goal constraint C, the range is reduced to the new λ and
the previous low value; if it is less, the new range is the new
λ to the previous high value. This procedure is repeated until
the resource utilizations of the new λ and the previous low λ
are equal.
This bisection algorithm converges quickly; in its use
to solve the DMT power allocation problem in [6], the
optimal solution was found within 14 iterations with very
conservative initial low and high values. Furthermore, nearly
optimal solutions are found even if the search is terminated
early; in [6], 98.8% of the optimal performance was achieved
after only 8 iterations of the bisection search.

4. Lagrangian Formulation of
the Optimization Problem

×

appsi









− U app, confi,app + λP app, confi,app , freqi,app ,

subject to
∀i,


appsi

∀i,





C app, confi,app , freqi,app ≤ 1,


appsi





N app, confi,app ≤ 1.
(11)

Because this transformation matches the Lagrangian
form, the theoretical results shown in the previous sec-



U app, confi,app



(12)

subject to constraints on power, CPU, and network availability. This single-workload problem can be converted into
a Lagrangian in the following form, subject to only the
constraints on CPU and network
Ji (λ) = min



confs,freqsapps



− U app, confi,app

i





(13)

+ λP app, confi,app , freqi,app .
But because (11) fits the form of (6), we can interchange
the order of summation and minimization and rewrite the
stochastic Lagrangian optimization problem in terms of this
single-workload Lagrange weight Ji (λ):
J(λ) =

⎡



Pr(i) min × ⎣
confs,freqs

i







− U app, confi,app

appsi







⎤

+ λP app, confi,app , freqi,app − U app, confi,app ⎦

Pr(i)

i



confs,freqsapps



confs,freqs



tion can be applied. Specifically, this means that we can
optimize the system for a particular average power Pavg
by finding a value of λ that chooses configurations that
meet this power constraint. If a particular value of λ
results in the optimization choosing a set of application
configurations that is equal to the desired power Pavg , that
set of application configurations maximizes the utility U
for that power level. Furthermore, there exists a value of
λ that will match the average power consumed by every
configuration on the convex hull of the utility/energy curve
formed by the set of all possible applications and configurations weighted by the probability of the corresponding
workloads.
The key benefit we get from the use of the Lagrangian
technique is that it can be used to allocate energy across many
diﬀerent workloads while optimizing configurations across
only one workload at a time. This is because each workload
that may run forms a unique, independent “cell,” linked only
by the value of λ chosen to optimize overall system utility.
Consider the case where only one workload i = 0 exists and
hence Pr(0) = 1. In this case, the maximization problem
reduces to the form
max

We can apply the Lagrangian technique to the resourceallocation problem in (2) by realizing that we have a utility
function analogous to the A(·) shown in (3), and several
resource constraint functions analogous to B(·). We can
therefore transform this problem into a Lagrange form,
and by finding suitable values for the Lagrange multipliers
remove the constraints on the optimization, yielding an
unconstrained problem.
Although the Lagrangian form can be used to transform
multiple constraints into Lagrange multipliers, fast bisection
searches for λ are optimal only if a single Lagrange multiplier
is used. (Bisection searches for λ are not known to be eﬃcient
or optimal if multiple Lagrange multipliers are used [5].) For
this reason, we convert only the utility-energy tradeoﬀ into a
Lagrangian form and leave the CPU and network constraints
in place. This results in a problem in the form of the singleresource multicell constrained optimization problem of (5).
Once reformulated to use a Lagrange multplier to optimally tradeoﬀ utility and energy, the optimization problem
can be stated as follows:
J(λ) = min

5

=


i

Pr(i)Ji (λ).
(14)

Critically, in so doing we have eliminated the dependence of the optimization problem across workloads, and
we can optimally allocate energy across workloads without
considering the cross product of application configurations
across all workloads.
Computing the value for Ji (λ) for a given value of λ
is equivalent to solving the problem of allocating resources
to the applications running in a particular workload; other
workloads are considered only in the eﬀect that they have
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in the search for λ. In other words, after transforming the
original optimization problem into the Lagrangian form, we
can find an optimal set of configurations for a particular
workload in the larger stochastic allocation problem without
doing a search across configurations in other workloads.
To find the value of λ that maximizes the expected utility
(to within a convex-hull approximation) while ensuring that
the expected running time of the system is at least some
fixed value, we simply do a search over λ to find the value
that minimizes J(λ). Because J(λ) is expressed in terms of
Ji (λ), this search does not require evaluating cross products
of diﬀerent workloads; each workload is only optimized once
per value of λ checked.

5. Properties of the Lagrangian Approach
to Optimization
This section describes various properties of the Lagrangian
optimation technique and uses these properties to analyze
the behavior and performance of the Lagranian solution to
the stochastic allocation algorithm.
5.1. Optimality. In Section 3.3, we showed that if a particular
set of parameters i1 · · · in minimizes J(λ) for a particular
value of λ, the use of the resource C has been optimally
allocated across the parameter set. Because our power
allocation algorithm maps the average power parameter
Pavg to the resource C in the Lagrangian formulation, an
argument analogous to the theorem presented there can
be used to show that the configurations that minimize the
Lagrangian J(λ) for a particular λ and the configurations
that maximize the utility for the average power Pavg that
corresponds to that λ are the same. Furthermore, this is true
even if the original utility-energy curve is not convex.
5.2. Computational Complexity. Even in the Lagrangian
problem formulation, to compute J(λ) (and determine the
optimal configurations for each application), we need to
do an exhaustive search over the configurations of applications running at any given time, to ensure that the best
possible use is made of the CPU and Network resources.
In addition, the search for the value of λ that maximizes
utility while operating within the energy constraint adds
complexity to the optimization problem, and as a result
the Lagrange implementation requires more computation
than the straight knapsack solver for a single application
workload.
However, the amount of extra work required is limited.
By nature J(λ) is a convex function of λ, so the search for λ
can be done using a fast bisection search that will converge
within a small number of iterations [6, 7]. Our present
implementation searches up to 18 points and finds λ to
precision of 2 × 10−5 times the eﬃciency of the most eﬃcient
application configuration.
However, for the case where multiple workloads are
considered, the search for λ removes the need to jointly
consider the application configurations across diﬀerent
workloads. This results in a reduction in the optimization

complexity that is exponential in the number of workloads.
For example, consider the case where there are two possible
workloads, each consisting of two applications with 16
configurations each (like our Sensor workload). To optimize
this system using the traditional approach, we must evaluate
the 256 possible configurations of each of the two workloads
pairwise, resulting in a total of 65536 combinations of
configurations evaluated. Using the Lagrangian approach,
however, we need to evaluate the constraints for each
workload singly at up to 18 values of λ, resulting in only 9216
configurations evaluated. This is with only two workloads
used; as the number of workloads increases, the benefit of
evaluating workloads singly instead of jointly becomes larger
and the computational workload of the joint optimization
rapidly becomes infeasible.
5.3. Interpretation: What Is λ? Another key insight is the
nature of the intermediate parameter λ. Although the
Lagrangian is a “synthesized” intermediate parameter, in
many cases it has a real-world meaning. For example, in
Frank Kelly’s work on network pricing for elastic traﬃc [8],
the Lagrangian values λs represent the marginal or “shadow”
price of a unit of traﬃc on the corresponding network link.
And in [9], the selected value for λ represents the tradeoﬀ
between the energy consumed by an equalizer filter tap and
the amount of interference the filter tap can remove from the
signal being received.
In the allocation problem we address here, the intermediate parameter λ defines a tradeoﬀ between the two
optimization targets it connects—in this case, between
utility and energy. A high λ means that energy is at a
premium, and that we should only use a configuration if it
oﬀers a particularly high utility in exchange for its energy
consumption. A low λ, on the other hand, means that power
can be spent relatively freely in exchange for modest amounts
of utility. In fact, due to the construction of J(λ), λ is actually
the minimum allowable slope between the selected point and
the previous point on the utility-energy convex hull. ( This
property is the key observation used to prove that there is
a value of λ corresponding to all convex-hull points in the
scatter in [6]. ) This can be easily shown using an argument
analagous to one presented by Ramchandran et al. in [7].
Lemma 1. λ is the minimum permissible energy-utility slope
(marginal utility for energy consumed) for the set of application
configurations that minimizes J(λ).
Proof. Define

J(λ) = −U + λP,

(15)

where U and P correspond to the total utility and power
consumed by the configuration minimizing J(λ).
Because these values minimize J(λ), perturbing λ to λ − ε
can only increase J(λ). Let U  and P  = P − Δ represent the
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utility and power consumed by a configuration minimizing
J(λ − ε) where ε > 0. Then
J(λ) ≤ −U  + λP 
≤ −U  + λ(P − Δ)
≤ −U  + U − U + λP + Δ · λ
≤ −U  + U + J(λ) − Δ · λ,

(16)

0 ≤ (U − U  ) − Δ · λ,
λ≤

U − U
,
Δ

λ ≤ slope,
where slope is the slope of the utility-energy convex hull at
the optimal operating point.
Even with the constraints, we can achieve any particular
tradeoﬀ between utility and power by only considering
system configurations that have marginal eﬃciencies—the
change in utility over the change compared to the next lowerutility lower-energy point on the convex hull—greater than
or equal to a fixed number λ. ( This observation also provides
us with an indication of how we find the range over which
we must search for λ: it is suﬃcient to search from zero,
which will permit any application configuration to run, to a
number greater than the eﬃciency (utility over energy) of the
eﬃcient available application configuration in the system.)
Furthermore, once we fix a value for λ, we can continue to use
it even if the applications running on the system change! The
system will continue to run optimally with the same tradeoﬀ
between utility and energy, which means that if similar
applications replace the currently running applications they
will achieve a similar total runtime and utility. Moreover, if
we replace the applications with new ones that oﬀer more
utility for energy spent, energy consumption will increase to
take advantage of the better opportunities to gain utility for
the user; likewise, if new applications are less eﬃcient, energy
use will be reduced to conserve energy for the future. The
marginal eﬃciency metric λ therefore provides a mechanism
which permits the actual power consumption of the system
to vary in response to the changing workloads in an optimal
fashion.
Because our constant as the workload changes is the
eﬃciency metric λ rather than power, energy, or utility, the
system’s power consumption can increase at one time to
take advantage of the availability of high-eﬃciency tasks, and
decrease at others if no high-eﬃciency tasks are available.
5.4. Optimality Properties. It is important that although our
restated optimization problem remains an NP-hard knapsack
problem, it shares important optimality properties with the
Lagrangian approach.
First, a fixed λ applies to all workloads and will correctly
allocate energy to diﬀerent applications, even as the workload
changes. As long as the marginal utility remains constant, the
allocation of energy to the various applications running at
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diﬀerent times will achieve the optimal utility for the energy
spent. In fact, if we use any fixed Lagrange multiplier λ when
we allocate utility and energy to the applications running
on the system, the resulting system configurations will be
optimal in that they will achieve the maximum possible
utility for the amount of energy consumed.
Second, as proven in the theorem of Section 3, for any
value of λ the returned solution is optimal in that no
other solution has both a larger utility, and a smaller total
energy consumption. Therefore the system using Lagrange
optimization will always operate at an eﬃcient operating
point. And since an appropriate value of λ can be found to
match any point on the convex hull utility-energy scatter
plot, as long as the composite utility/energy curve is dense
and nearly convex (which will be true for systems with a
suﬃciently large number of configurations), a value of λ that
consumes energy close to Pavg can be found.
Although we are limited to points on the convex hull
of the utility/energy scatter, in fact these points are “better”
than points oﬀ the convex hull in the following sense: if we
consider total (integrated over time) utility and we permit
the system to achieve additional utility by slightly extending
our runtime from the original goal, choosing convex hull
points on the utility-energy curve will increase the total
utility compared to a solution oﬀ the convex hull that comes
closer to the desired lifetime. This directly follows from the
optimality of the Lagrange (convex hull) solution for any
runtime it finds.
Theorem 2. Total utility (integrated over time) from a point
on the utility-energy convex hull is higher than the net utility
from a point oﬀ the convex hull that provides the same or
greater utility.
Proof. If we consider a point on the convex hull, and another
point that provides more utility and is not on the convex hull,
the eﬃciency (utility per unit energy) of the point on the
convex hull will be greater than the eﬃciency of the point not
on the convex hull. (Otherwise, the point not on the convex
hull would also be on the convex hull, a contradiction.)
Therefore, as long as we can use any remaining energy
to increase run time and achieve additional integrated utility,
we will achieve more utility from the additional time than
we would have by using the additional energy earlier. And
as we accumulate more diﬀerent workloads, the convex hull
becomes denser and the extra utility we can achieve by
using operating points not on the utility-energy convex hull
diminishes.
5.5. Implementation Details. The complexity of the internal
optimization operation is equal to the cross product of all
the configurations of all applications running in a particular
workload and each available CPU frequency. This represents
a great reduction in computational complexity, because
applications that are not active in a particular workload do
not need to be considered.
Several eﬀective but suboptimal simplifications can also
be made. One is that the CPU frequency of all applications
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running at a particular time can be set to the same value. By
doing so, we reduce the search space to only the cross product
of the application configurations, times the number of CPU
frequencies, with an increase in power consumption that is
bounded by Jensen’s inequality to the diﬀerence between two
adjacent frequency steps.
Also, conventional fast search techniques for solving
the multidimensional, multichoice knapsack problem can
be applied to estimate J(λ) with reasonable results. This
is especially valuable when the number of applications is
high, as the complexity of a full search is higher and the
suboptimality of doing a partial search is reduced.
Because J(λ) is a convex function of λ, the search for λ can
be done using a fast bisection search that will converge within
a small number of iterations [7]; our present implementation
searches up to 18 points and finds λ to a precision of 2 ×
10−5 times the eﬃciency of the most eﬃcient application
configuration.
The probability distribution of the workload is only
used to select λ to achieve the average system power and
hence the runtime. Once the value of λ is selected the
probability distribution is not used again; more specifically,
the probability distribution is not necessary to determine the
configuration of the applications that is used at any particular
time. This limits the eﬀect of inaccuracies in workload
probability estimates. Although an inaccurate estimate of the
workloads’ probability distribution will result in a runtime
longer or shorter than desired, the system will still run
eﬃciently.
Because λ conveys all the information about how to select
configurations to properly tradeoﬀ between system lifetime
and quality of service, it is also possible to design the system
to allow the user to control λ more directly. For example,
the user can be presented with a slider selecting between
optimizing for quality and system life. If this is done, the
probability distribution can be used to provide an estimate
of the resulting runtime for the value of λ selected by the
user.
The optimal value of λ depends only on the probability
distribution of workloads that may run on the system; it
does not depend on what applications are running at any
particular time. Therefore, once an optimal λ is chosen,
it can be used for a long time—until the desired runtime
changes or the battery is replaced or charged, or until the
probability distribution that was used to compute λ is no
longer valid. Even as the workload changes, the value of λ we
use to compute the optimal allocation of resources for any
given workload stays the same, as it represents the optimal
division of energy between the current workload and the
future.
The same Lagrangian approach used to solve the stochastic allocation problem can also be used to solve the related
known-workload problem. For a single workload, simply
setting napps = 1 and Pr(1) = 1 for the workload maps it
into the stochastic framework and all the above proofs apply.
The reservations proposed in [4] can also be accomodated
by setting the probability associated with each workload to
be the running time of that workload over the total running
time of the system.

6. Optimality of the Energy-Greedy Heuristic
One important omission in the prior work by Yuan [1] is that
it does not discuss the optimality of its allocation heuristics.
The Lagrangian framework we use to solve the stochastic
allocation problem can also be used to make statements
about these types of heuristics. Because we compare the
performance of the Lagrangian optimizer against the energygreedy heuristic in Section 7, we digress briefly here to
describe the conditions under which the “energy-greedy”
heuristic described by Yuan is optimal.
The simplification made by the energy-greedy heuristic
is that applications running when the allocation decision
is made will continue to run until the system is shut
down. Since this assumption describes a subproblem of
the stochastic or varying-workload allocation problems, the
energy-greedy heuristic is optimal if the applications in fact
do not change, and is a good heuristic if the character of the
applications running on the system stays roughly the same.
However, if the utility or energy demands of the applications
change dramatically over time, it may result in significantly
suboptimal allocations.
Going back to our wireless camera example, this subproblem would assume that the data is equally “interesting”
(and hence has an unvarying utility) for the entire running
time of the system.
This unvarying-workload subproblem (and by extension
the energy-greedy heuristic) is essentially a constant-power
approach to the larger resource allocation problem; at all
times it limits power consumption to a value that allows
the required lifetime to be achieved given the current energy
supply. (The power constraint can vary in response to
current energy availability as the optimization is repeated.)
Theorem 3. Given a dense set of application configurations,
the energy-greedy heuristic results in a near-constant system
power (The system power will vary by no more than the
diﬀerence between the operating point and the next higherpower point on the utility/power curve. If operating points
are closely spaced over the powers being optimized across,
the utility/energy curve points will be close together and this
diﬀerence is small.).
Proof. To see that the energy-greedy approach attempts to
equalize power consumption over time, we can consider
its associated optimization problem. The energy-greedy
heuristic maximizes the utility of the currently running
applications subject to the power constraint
Pavg ≤

Eremain
.
Tremain

(17)

Utility is a monotonically increasing function of power,
(although this is not true in general, any nonmonotonic
points are always suboptimal and will therefore be ignored
by the optimization process) and we will always choose to
use as much power as possible to achieve the greatest possible
utility. As a result, the energy consumption of the system will
be as close as possible to Pavg given the available application
configurations. If the set of application configurations is
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dense, the actual power will be close to Pavg , and when the
maximum allowable power is calculated again the result will
be near (but perhaps slightly higher than)Pavg .

7. Simulations
To evaluate the eﬀectiveness of this Lagrangian resource
allocation, we use a simulation of the GRACE framework
[10, 11]. This simulation is described in more detail in [11]. It
provides, earliest deadline first (EDF) scheduling of both the
network and CPU, management of applications entering and
leaving the system, and power modelling and estimation for
both the network and CPU. The system runs a multimedia
video encoder that is capable of operating at several utility
levels (with varying image sizes, quantizer step sizes, and
frame rates) and also permits compression eﬃciency to vary.
The variable compression eﬃciency allows the system to
save energy by reducing CPU demand at the expense of an
increase in network-bandwidth utilization [12].
7.1. Simulation Environment. The network is modeled as
having a bandwidth of 500 Kbyte/s and an active power of
0.5 W, corresponding to a per-byte energy cost of 1 μJ, a
data rate and energy per byte similar to common 802.11 b
wireless network interfaces. The network is assumed to be
reliable as long as the bandwidth constraint is not exceeded,
and no protocol or protocol overhead is assumed. Power
estimates are generated by multiplying the active power of
the network by the estimated or actual network utilization.
The CPU energy and utilization estimates are based on
the AMD Athlon XP-M 1700+ microprocessor, a model
that incorporates voltage and frequency scaling; power is
estimated by multiplying the CPU utilization by the power
consumed when operating at the selected CPU frequency,
ranging from 25 W at 1466 MHz to 6.4 W at 533 MHz.
The desired runtime is set to 600 seconds, and the starting energy of the battery is varied to simulate environments
under tighter and looser power constraints. The simulation
runs for 600 seconds or until the initial energy supply is
exhausted, whichever comes first. Parasitic power demands
(such as the display) are not considered; it is assumed that
the provided initial energy excludes any parasitic power that
would be consumed during the requested running time.
The simulation environment does not presently charge
the Lagrange optimization for the processing time and
energy spent doing its one-time search for the Lagrange
multiplier. The run time for the current implementation of
the Lagrange multiplier search is approximately 2 seconds at
full processor speed for the “laptop” workload, so it would
increase the total energy consumption for the Lagrangian
case by about 50 J. We do not charge this energy because in
practice it would be amortized over a much longer runtime
than the 600 seconds used in these simulations.
7.1.1. Applications. For these simulations, we use the GRACE
framework and adaptive encoder application described in
[10], extended to add the ability to send uncoded as well
as encoded macroblocks [11]. The application is run on
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Table 1: Application base utilities.
Resolution Frame rate
CIF
10 fps
(352 × 288)
5 fps
3.3 fps
QCIF
(176 × 144)

15 fps
10 fps
5 fps

Quantizer step size
Q=6
Q = 12
Q=6
Q = 12
Q=6
Q = 12
Q=6
Q=6
Q=6

Utility per second
1.00
0.80
0.60
0.50
0.20
0.15
0.50
0.30
0.10

input streams with two diﬀerent image sizes, CIF (352 × 288)
and QCIF (176 × 144). For each image size, the resource
requirements can be reduced at the cost of decreasing utility
by decreasing the frame rate from the base of 10 (CIF)
or 15 (QCIF) fps. The system also supports reducing the
quality by increasing the quantizer step size for CIF encoding,
although these configurations are relatively ineﬃcient (in
terms of utility per unit power consumed) and are therefore
not selected by the optimizer.
Each operating mode allows application adaptation: 15
available compression modes when the quantizer step size Q
is 6, and 6 modes when Q is 12.
The base utilities for every possible configuration of the
encoder are shown in Table 1. These numbers are expressed
as a rate, in terms of utility per second. Each second that
the application is running and set to a given configuration,
it accumulates the utility shown in the table.
Because choosing meaningful values for the base utility
would require extensive human trials, values were instead
assigned by hand. These particular values for utility were
selected to ensure that the utility is a monotonic function of
resource utilization and hence energy. They do not result in a
convex energy/utility curve; this is intentional and intended
to put the Lagrangian approach at a slight disadvantage.
In addition to the base utility, which is associated with
the application itself, each time an application starts it is
assigned a “weight” by the user. The weight connects the
base utility of the application with the user’s perception of its
importance—it is a “utility mapping function.” The implementation multiplies the weight assigned by the workload by
the base utility rate of the application to find the actual utility
rate for each potential application configuration. The higher
the weight, the higher the resulting utility, and the more
likely it will be that the application will be allocated enough
energy, CPU time, and network bandwidth to operate at a
high quality level.
7.2. Simulation Workloads. We implement these simulations
by defining two diﬀerent prototype workloads, consisting
of the CIF and QCIF versions of our adaptive encoder
application. The first “laptop” workload is intended to
represent a reasonable variation in desired applications and
utility; the second “sensor” workload is a favorable workload
intended to highlight the improvements in total utility that
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can come from allocating energy only to the most beneficial
applications.
The prototype workloads list the possible application
sets, the weight for each application, and the probability
that this application set is active. We then generate the
actual workload by choosing a workload from the prototype
according to the associated probability distribution for each
30-second slice of a 600-second simulation run. The input
stream is a composite of several MPEG test sequences, treated
as a circular array. As part of the workload creation process
a starting position for each application invocation is chosen
randomly (with a uniform distribution) from the frames in
this composite stream.
In all cases, the original probability distribution from
which the actual workloads are drawn is used along
with composite statistics about the application’s resource
demands to compute the value for λ used for the Lagrangian
optimization.
It is important to note that the global allocator is permitted to refuse any oﬀered jobs, and that each application
can run at any one of several diﬀerent quality/utility levels.
This means that the actual energy consumption of an oﬀered
workload can vary down to zero, if none of the oﬀered
applications receives an energy allocation.
7.2.1. “Laptop” Workload. The “laptop” workload (Table 2)
is intended to represent things a user could plausibly do with
the computer. As we are limited by the fact that our adaptive
application is an encoder, it is not particularly “laptop”
in practice. However, unlike the “sensor” workload it has
not been designed to provide the Lagrangian optimization
approach with a large advantage. We therefore expect the
utility improvement we achieve with this workload to be
more representative of the general case.
One possible explanation for this type of workload is a
laptop participating in a video teleconference. As the video
conference progresses, various portions of the video (for
instance, slides, the user, canned video, and animation) of
varying importance start and end. This results in the entry
and exit of diﬀerent encoders with diﬀerent frame sizes and
importance.
7.2.2. “Sensor” Workload. The “sensor” workload (Table 3) is
a realization of the problem outlined in the introduction. It
represents a situation in which the Lagrangian optimization
makes a large diﬀerence in the total utility of the system. It
does not represent an upper bound (as the utility improvement given a suitably constructed workload availability is
unbounded). It is instead intended to show that under
certain circumstances, large utility improvements can be
achieved.
This type of workload distribution could be found in
a sensor network. The rare high-value operations occur
when the sensor has detected something of interest and the
operator is likely to be actively viewing the sensor’s output;
the common low-value operations occur when the system
has not detected anything of interest and therefore is unlikely
to be needed or monitored.

Table 2: “Laptop” workload.
Probability
20%
20%
25%
25%

10%

Image size
CIF
QCIF
CIF
CIF
QCIF
QCIF
QCIF
QCIF
CIF
QCIF
QCIF

Weight
1.5
0.8
1.0
1.3
1.0
1.0
0.5
0.5
1.0
0.7
0.7

Table 3: “Sensor” workload
Probability
20%
80%

Image size
CIF
CIF
CIF
CIF

Weight
100
100
1
1

7.3. Simulation Results. We evaluate the performance of the
Lagrange optimizer against the “Energy-greedy” heuristic
described by Yuan et al. [1]. Figures 2 and 1 show the
results of a simulation of the Lagrangian allocator. Each set of
graphs includes five rows of three graphs. The first four rows
represent the same sequence of workloads; each workload
sequence consists of a list of workloads, drawn randomly
from the “sensor” or “laptop” probability distributions of
applications. New workloads are drawn for every 30-second
slice, so there are 20 diﬀerent workloads total represented
in each graph. However, the system may shut down early
and not run the last several workloads. The last row of
graphs shows the average results across 10 realizations of the
workload sequences, including the four shown as Workloads
1 through 4.
The leftmost column of graphs shows the total realized
utility—in other words, the sum of the utility values
multiplied by the running time and the weight of each
application—over the 600 seconds the system is allowed to
run. The middle column shows the amount of time that
the system runs before it shuts down, either due to running
out of time or exhausting its energy. The rightmost column
shows the total energy consumption of the system. None of
these totals include the time and energy that would be spent
finding the optimal value of λ as it is assumed to have been
computed oﬄine. The overhead of allocating resources to
each application entering and leaving the system is, however,
included.
Each graph has a solid darker line representing the results
for the Lagrangian optimization and a dashed lighter line
representing the “energy-greedy” heuristic. The horizontal
axis on all the graphs is the starting energy of the battery,
expressed in terms of the average power permitted over the
600-second desired runtime; the starting energy in Joules is
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Figure 1: “Laptop” workload. The “Workload” graphs show specific results for four workload sequences; all points on the graph for each
row come from the same sequence of applications entering and exiting. The “Average” graphs show average and min/max (indicated by
error bars) results across 10 workloads. Dashed/lighter lines are from the energy-greedy heuristic, solid/dark lines are from the Lagrange
optimizer. The left column shows the total (summed) utility, the middle column shows running time in seconds (limited to 600 seconds),
and right column shows average ower in Watts.

the value in Watts shown 600 times. The vertical axis on the
“utility” graphs is utility units based on the application utility
and weightings; on the “time” graphs it is seconds, and on the
“energy” graphs it is once again in terms of power averaged
over the desired runtime of 600 seconds. The performance is
sampled across average power limits at every two Watts from
5 to 25 W.

The minimum and maximum values across all 10
workload sequences are shown as error bars on the “average”
graphs. The darker error bars correspond to the Lagrangian
optimizer, the lighter error bars correspond to the energygreedy heuristic. Note that the minimum and maximum values for each starting energy are each selected independently
and do not represent any single workload.
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Figure 2: ”Sensor” workload. The “Workload” graphs show specific results for four workload sequences; all points on the graph for each
row come from the same sequence of applications entering and exiting. The “Average” graphs show average and min/max (indicated by
error bars) results across 10 workloads. Dashed/lighter lines are from the energy-greedy heuristic, solid/dark lines are from the Lagrange
optimizer. The left column shows the total (summed) utility, the middle column shows running time in seconds (limited to 600 s), and right
column shows average power in Watts.

7.3.1. “Laptop” Workload. The results for the “laptop”
workload are shown in Figure 1. We see that, on average,
there is a significant increase in utility when the starting
power is low, and no significant change in utility or energy
consumption when the starting power is high. At an average

power constraint of 5 W, we improve the average achieved
utility by over 20% by pushing the power consumption from
times that only low-utility tasks are running to other times
when higher-utility tasks are available. However, once the
starting energy is suﬃcient to allow the average power drain
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to exceed 15 W, there is no benefit from the use of the
Lagrangian approach.
It can also be seen that in some cases, the total utility is
reduced modestly. The worst loss of utility observed is 12%
and occurs due to under-using energy; this case is shown as
“Workload 3.” Here, at an average power limit of 9 W, only
77% of the original energy is used at the end of the end of
the 600-second desired runtime. This occurs when the actual
application selections have a lower utility than the prototype
distribution. Although the applications to be run are selected
from the probability distribution provided to the code that
computes the optimal Lagrange multiplier, the workload list
is short enough that significant variations from the mean
distribution can occur.
7.3.2. “Sensor” Workload. The results for the “sensor” workload are shown in Figure 2. Because this workload was
constructed to show a large benefit from the Lagrangian
optimization, we see an average improvement in utility of
over 140% when the average power is limited to 5 W. (It is
important to remember that a suitably constructed sequence
could realize an arbitrarily large utility improvement.) As
the average power increases, the benefit from the Lagrangian
approach falls; at 13 W, the average improvement in utility
is 23%. Above 17 W, there is no improvement because the
Lagrangian optimizer and the energy-greedy heuristic yield
exactly the same configuration.
In fact, for several of the workloads, the utility curve is
close to flat; for example, this is true of the second and fourth
workloads shown in Figure 2. The flat utility curve is because,
in these cases, there is enough energy to run all the highutility tasks at full quality (achieving the highest utility), and
the low-utility tasks do not contribute significantly to the
total utility.
In our test system, the optimization process is driven
entirely by estimates of the system loading and utility for
the various available when the system first starts up. Since
these estimates are by nature stochastic (they represent a
“typical” operating condition rather than the specific operating condition that is actually encountered), inaccuracies in
these estimates of energy and utility that go into choosing an
appropriate λ can result in the system behaving suboptimally.
At the 15 W average power level, we see the eﬀects of
inaccuracy in the initial estimates resulting in a system outage
quite clearly. It manifests as a dip in running time across
all the workloads, which in some workloads results in a
noticeable reduction in utility. This dip occurs because when
we do the search for λ, the system estimates that if all
applications are run at their highest possible utility (i.e., λ
is set to zero), the average power will be slightly less than
15 W. In reality, though, the power demand is slightly higher.
Because the system uses more energy than is predicted
as it actually runs, allowing the applications to all run at
maximum utility does not conserve enough energy to run
until the end of the run time. Therefore, if a high-utility task
appears at the end of the sequence of workloads, it will not
run and the system will be unable to achieve the maximum
possible utility.
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This “dip” is partly, but not entirely, due to a systemic
bias in the predictions: the power predictions made when
λ is calculated do not include energy used to allocate
resources to applications as they enter and leave the system.
There is also some systemic undercounting in the predicted
cycle count, because the procedures used to create these
tables do not accurately account for the per-application
adaptation overhead. Although these systemic biases could
have been corrected in the initial predictions, and various
other techniques (such as implementing an energy reserve
and recalculating λ periodically based on actual system
performance) could have been used to correct for stochastic
variation, we felt that the resulting reduction in running time
and loss of system utility was illustrative of the possibility of
outage that results when stochastic techniques are used for
optimization.
It is also possible for an outage to result because the
workload has an atypically high occurrence of high-utility
workloads—that is, more high-utility (and therefore energyconsuming) workloads appear than the probability distribution indicates. In these cases, the system may terminate
early due to energy exhaustion. Because the 600 seconds
lifetime we use in these experiments is relatively short, this
eﬀect can be easily seen in Workload 1, where the total
utility is much higher than the other workloads, but the
system shuts down early if the battery holds only enough
energy for an average power of 5 W and fails to run a highutility task. The probability of an outage this large would
be diminished in practical implementations of systems using
our stochastic allocation algorithm by longer total runtimes
and more variation of the workload. Implementations could
also recompute λ periodically, which would also combat
outages by forcing some of the high-utility tasks to run at
a lower power level, helping to allow the system to achieve its
required runtime. It is worth noting, however, that doing so
would in general reduce the total utility achieved.

8. Conclusions
Lagrangian optimization techniques can be productively
applied to the problem of optimizing the allocation of a
fixed pool of energy across multiple applications as they
enter and leave a system. The Lagrangian approach to
resource allocation requires only that the probabilities of
various workloads to be known; foreknowledge of the actual
schedule is not required. Compared to existing constantpower optimization algorithms, the Lagrangian procedure
can provide significant improvements in achievable utility
when energy is at a premium. Depending on workloads and
energy availability, the Lagrangian allocation approach can
increase total utility by a factor of two or more.
We have also shown problems that an actual implementation of this approach would encounter. The approach is
sensitive to the accuracy of the probability distribution of the
expected workload; the results show that mismatches result
in consuming too much energy and terminating early, or
consuming too little and achieving less than the best possible
utility. By periodically recomputing the value of λ taking
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into account changes in energy availability and probablility
distribution, inaccuracies in the predictions can be corrected.
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1. Introduction
Recently, MIMO ad hoc networks have attracted an increasing interest. The use of multiple antennas at both wireless
link sides has shown a promising solution to boost up
the spectral eﬃciency of the point-to-point and cellular
communication systems [1, 2]. In ad hoc networks, where the
nodes operate without a central administration or underlying infrastructure, the MIMO links play an important role
in overcoming some problems such as the lower system
throughput and the higher energy consumption. However,
a smart optimization signaling algorithm associated with
a sophisticated medium access control (MAC) scheme has
to be proposed in order to handle these benefits [3]. In
this work, we are interested in elaborating smart signaling
schemes for MIMO ad hoc networks.
Generally speaking, the transmission strategies with
MIMO techniques are addressed in three communication
systems: point-to-point MIMO communication, cellular
MIMO communication, and MIMO ad hoc networks or
more generally MIMO interference channel.
Point-to-point MIMO links are extensively studied in the
literature. The great potential of MIMO communications
in single link scenario is proven in [1]. The authors in

[4] address the joint design of transmit (linear precoding)
and receive (linear decoding) beamforming for multi carrier
MIMO channels. In [5], the authors show that the optimum
linear precoder/decoder diagonalizes the MIMO channel
into eigen subchannel.
Besides, extensive research is devoted to MIMO broadcast (MIMO BC) and to MIMO MAC systems. Recall that
in these systems, either the transmitter or the receiver is
common between the active wireless links. In [6] the authors
optimize the mean-square error (MSE) under a power
constraint. In [7], the joint optimal downlink beamforming
in multicell SDMA system is considered. The author in [8]
treats the same problem as before and provides a complete
solution by using the virtual uplink equivalence concept.
All the aforementioned works, in both point-to-point
and cellular communication systems, concern almost the
problem of capacity maximization and prove the fruitfulness
of using MIMO techniques. However, evidencing this potentiality in the case of ad hoc networks is not a trivial problem.
In these networks, the optimization problem using MIMO
techniques needs a more careful study for three reasons.
Firstly, we are in fully interfering environment because
only one frequency is used. Secondly, the sensitivity of the
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performance of ad hoc networks depends on the overheads
introduced by the feedback link required for any cooperative
optimization. Thirdly, the cross layer design which is based
on the signal-to-noise ratio of the received packets must be
considered.
Mainly, our contributions in this paper are twofold:
firstly we propose a fast and eﬃcient cooperative algorithm
for the conventional capacity maximization problem, and
secondly we devise a novel problem design based on the
optimization of the quality of the received signal rather than
the system capacity.
In MIMO ad hoc networks, the transmission scheme of
each user depends on that of other users since the interferences at each user depend on all the transmit covariance
matrices in the network. Thus, the first part of our work
which deals with the conventional problem of maximizing
the global capacity will be more complicated. The global
maximization came usually at the cost of frequently feedback
signaling which depends on the convergence rate of the proposed algorithm. In literature and due to the nonconcavity
of this problem, only a suboptimum solution is found by
using some nonlinear programming methods. The Gradient
Projection (GP) algorithm proposed in [9] maximizes the
total system capacity subject to constant power constraint at
each node in the network. In their work, the authors present
centralized and distributed schemes to solve the problem.
Although the proposed algorithm converges, its convergence
rate slows down as it is approaching the solution. When
performing cooperative and distributed optimization, the
nodes may share some data along the convergence process.
The amount of information to be transmitted in the feedback
link will grow with the number of iterations. Thus, reducing
this number alleviates the overheads. In this context, Newton
method becomes an intuitive candidate for such a problem.
However, due to the complexity of computing the inverse
of the Hessian matrix, this solution will be excluded. As
an intermediate solution, we propose to use the QuasiNewton (QN) methods which approximate the inverse of
the Hessian matrix rather than computing the true one. To
summarize, these methods are motivated for two reasons:
(i) a provable and super linear convergence can be achieved;
(ii) the complexity of this algorithm is far from that of the
Newton method and comparable to the gradient one.
In literature, the design of the signaling problem in
MIMO ad hoc networks is given usually by the minimization
of the total transmit power under a capacity constraint or by
the maximization of the capacity under a power constraint.
For completeness we propose in the second part of this
work a diﬀerent and eﬃcient problem formulation which
consists of minimizing the total power under the quality
of the received signal constraints. In cross-layer design for
wireless local area network (WLAN) networks the SINR is
the common parameter used for acquiring successfully the
packets in the network. Thus, we see that improving the
quality of the received signal is more beneficial than the direct
maximizing of the system capacity. In the fourth section we
clarify the motivation and the eﬃciency for our proposed
design in MIMO ad hoc networks.

The rest of this paper is organized as follows. In Section 2,
a review of the pertinent works on the precoding methods
in MIMO ad hoc networks is presented. In Section 3,
the capacity maximization problem is considered. In this
Section, the nonlinear optimization methods are overviewed,
and a cooperative and distributed optimization algorithm
based on the QN methods is proposed. In Section 4 a new
formulation of the signaling problem is proposed, and a
solution based on the semidefinite programming (SDP)
solver is devised. Finally, a general conclusion is drawn in
Section 5.
The notation in this paper will be as follows. The boldface
denotes matrices and vectors. For a matrix R: R∗ , RT , and
RH denote the conjugate, the transpose, and the conjugatetranspose, respectively. tr(R) is the trace. I stands for the
identity matrix. R  0 represents a positive semidefinite
matrix.

2. Related Work
In the last two years, wireless mobile ad hoc researchers have
focused on the MIMO technique to boost up the network
spectral eﬃciency and to improve the achieved quality of
service. Interestingly, in this context two fields have received
particular emphasis: the first one deals with the cross layer
design issues where protocol design is tightly coupled with
a deeper understanding of the physical layer and channel
behavior [3, 10], and the second addresses the transmit
signaling strategies [9, 11, 12].
In [3] some tradeoﬀs concerning the achievement
of the conflicting goals of rate and reliability increases,
power savings, and latency reduction are thoroughly discussed. Particular emphasis is placed on the role of
the Channel State Information (CSI) at both transmitter
and receiver. Moreover, the authors indicate that a solid
understanding of channel estimation techniques and on
their accuracy and availability are key ingredients of the
cross layer design. Winters in [10] discusses the use of
smart antenna systems in ad hoc networks and suggests
that MAC and routing protocols have to be modified
in order to take advantages of the smartness of these
antennas.
The optimum signaling problem when employing multiple antenna elements has received less attention. Resolving
for optimum signaling for the noninterference and the fixedinterference cases is done with the traditional and generalized
waterfilling procedures, respectively, in [1].
The gradient projection algorithm proposed in [9] maximizes the total system capacity subject to constant power
constraint at each node in the network. In their work, the
authors present centralized and distributed schemes to solve
the problem. Although the proposed algorithm outperforms
the iterative waterfilling algorithm (IWF), its convergence
rate slows down as it is approaching the solution. Recall that,
IWF treats the problem as a noncooperative game and aims
to reach the Nash equilibrium (NE) which does not provide
the best transmission strategy. The optimum signaling in
the case where the CSI is assumed only at the receiver, is
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considered in [13]. The authors demonstrate that putting
all power into a single transmitting antenna is optimum in
the case of strong interferences. Whereas, dividing the power
equally between independent streams from the diﬀerent
antennas is optimum when weak interferences is expected. In
[14] the authors show that performing beamforming by all
users approaches the optimum signaling when the number
of users tends to infinity. More specially, putting the power
along the largest eigen value of the channel covariance matrix
is shown to be optimal in the sense of achieving system
capacity.
The authors in [11] treat the problem of spatial
beamforming in MIMO ad hoc networks where each
node is equipped with a receive/transmit beamformer pair.
They proposed an iterative minimum mean-square error
(IMMSE) beamforming algorithm where they enforced the
receive beamformer to be equal to the conjugate of the
transmit beamformer.
In [15] the authors studied the DSL (Digital Subscriber
Line) power control problem as a noncooperative Nash
game resulting from the distributed implementation of
the iterative waterfilling algorithm (IWFA). They proposed
a diﬀerent problem formulation in order to analyze the
convergence behavior of IWFA.
In [16], suﬃcient conditions for convergence to the
equilibrium point are derived under totally asynchronous
update. In [17] the authors established the existence of
NE of the problem of individual rate maximization in
MIMO interference channel. They proved that the Nash
equilibrium is unique if the multiuser interference is
negligible. In [12] a non-cooperative algorithm is proposed to solve the global problem. The authors perform
generalized waterfilling with respect to the transmitting
and receiving node covariance matrix. They suggested
minimizing an alternative objective function called TIF
(Total Interference Function) rather than solving the global
optimization problem directly. In [18] the authors provide
a unified framework for the non-cooperative maximization
of mutual information in the Gaussian interference channel.
A MIMO asynchronous waterfilling algorithm is provided
for systems with square nonsingular channel matrices. A
set of conditions is derived to guarantee the convergence
of the proposed algorithm and the uniqueness of the NE.
In [19] the same authors extend their work for arbitrary
channel matrices (rectangular matrices, rank deficient matrices).
In this paper, we consider a scenario of ad hoc network
where the nodes aim to increase the system capacity rather
than the individual capacity. To this end, they have to
exchange some information along the procedure of convergence [9]. Considering this scenario, our contribution
can be summarized by two points. First we propose a fast
and distributed method to decide the best transmission
strategy (which outperforms the Nash equilibrium). We then
propose a new problem design more suitable for ad hoc
network. This new approach consists in optimizing a quality
of service constraint rather than optimizing directly the
capacity.

3

3. Capacity Maximization Problem
We consider an ad hoc network formed by N links, each
of which employs M antenna-elements. The links in the
network are assumed to be unicast predefined links [9].
The nodes perform independent decoding with single user
detection. We assume also that the CSI is available at both
the transmitter and the receiver. This can be done by a
smart channel tracking algorithm associated with enhanced
MAC design [20]. We assume a frequency nonselective fading
MIMO channel between the nodes. Let Hi, j (M × M complex
matrix) denote the channel from node i to node j, and let
also n j (M × 1) be the noise vector seen by the node j. In this
section, the channel matrix and the noise vector are assumed
to be iid complex Gaussian variables with zero mean and
unit variance. For such a receiver the interfering signals are
unknown. Thus we model them as Gaussian distributed
and it has been shown that many interferences whiten this
distribution [1, 13].
The received signal can be seen as the multiplication of
the normalized weighted transmitted signal x by the-Signal
to-Noise Ratio (SNR) of this signal, namely ρ, and also
multiplied by the correspondent channel. By focusing our
attention on the node i, the baseband signal received by this
node is given by


yi = ρi Hi,i xi +

N



γi, j Hi, j x j + ni ,

(1)

j =1, j =
/i

where γ is the Interference-to-Noise Ratio (INR). Under the
assumption that the channel and the noise are independent
matrix of interference
and that E(ni nH
i ) = I, the covariance

plus noise is given by Ri = I + Nj=1, j =/ i γi, j Hi, j Q j HH
i, j , where
Q j = E(x j xHj ) represents the transmit covariance matrix.
Finally the total system capacity can be written as
C=

N


N


i=1

i=1

ci =





−1
log2 det I + ρi Hi,i Qi HH
i,i Ri



,

(2)

where the expectation is taken over all the random channel
matrices. The global optimization problem is, then:
maximize

C

subject to Qi ∈ S

i = 1 · · · N.

(3)

where S is the set of positive semidefinite (PSD) matrices
having unit trace.
Due to the nonconcavity of this problem, only a suboptimum solution can be found through nonlinear optimization
methods. A brief overview of these methods will be given in
the following.
3.1. Mathematical Review. Let f be a multivariable function
defined on the convex set E. Without loss of generality, all the
iterative descent (ascent) methods are defined as an update of
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the solution at each iteration. A generic algorithm is given by
the following equation:
xk+1 = xk + αk Sk gk ,

(4)

where the vector Sk gk represents the step or the search
direction, and αk is the step size. Hereafter we will define the
matrix Sk and the vector gk .
3.1.1. Determination of the Step. Almost all the methods
define gk as the gradient of f . The diﬀerence is only in the
definition of the matrix Sk .
The method of steepest the descent (referred later as the
gradient method) defines Sk as the identity matrix. The idea
behind this method is that the function f is approximated
locally by a linear function. This method is one of the
widely used methods for minimizing a function of several
variables. It is extremely motivated since it is very simple to
be implemented, and only the first partial derivatives of f
are required. However, the convergence rate of this method
is very slow and is tightly depending on the initial point. This
slowness can be interpreted by the fact that two consecutive
search direction vectors are orthogonal. That is, gkT gk+1 = 0.
More careful examination on the convergence of this method
can be found in [21].
The Newton method can achieve a superlinear convergence by defining Sk as the inverse of the Hessian matrix of
f . Let F denote the inverted matrix. Herein, the function
f is approximated locally by a quadratic function, and
this approximate function is minimized exactly. Therefore,
this method can eliminate eﬃciently the “jamming” or
“zigzagging” phenomenon encountered by the gradient
method. The order of convergence of this method is two if the
initial point is closed to the solution. Although the Newton
method is very attractive in terms of convergence properties,
it requires a complex evaluation and inversion of the Hessian
matrix at each iteration.
The CG method and the QN methods can be regarded
as being somewhat intermediate between the method of the
steepest descent and Newton method.
The CG method is motivated to accelerate slow convergence of the steepest descent method while avoiding the
evaluation and inversion of the Hessian matrix as required
by the Newton method. This method is used in the context
of MIMO BC [22], in order to maximize the global capacity
under global power constraint.
The QN methods use an approximation of the inverse
of the Hessian matrix rather than the true inverse that is
required in the Newton method. This approximated matrix
can be build up on the base of information gathered along
the convergence way. These methods oﬀer the most simple,
sophisticated, and fast algorithms for solving the unconstrained problems. The constraint is fulfilled separately by
performing a projection onto the constraint space. In our
work we focus on these methods, and we investigate particularly the DFP (Davidon-Fletcher-Powell) and the SSQN
(Self Scaling Quasi Newton) methods. For completeness, we
implement also the CGP (Congugate Gradient Projection)
method.

3.1.2. Determination of the Step Size. Exact lines search is the
evident and more accurate method in this context. With this
method αk can be computed as


α = arg min x + αg



(5)

where g = Sg.
In practice, the exact line search may be hard to find.
Inexact line search methods are more appropriate and easier
to be implemented [23]. One of these methods, called back
tracking line search, depends on two constants a, b with 0 <
a < 0, 5 and 0 < b < 1, and it consists of iteratively increment
the variable t until fulfilling the following condition:
f (xk+1 ) − f (xk ) ≥ atg T g ; t = bm t0 .

(6)

3.2. Quasi-Newton Method for MIMO Ad Hoc Networks. We
propose a fast and eﬃcient algorithm based on the quasi
Newton method to solve the global optimization problem
(3). Our work is based on the gradient projection method
proposed in [9] and detailed in [21]. As we have seen in
the mathematical review section, the descent direction in
the latter method is based essentially on the gradient of
the total capacity C. This gradient is calculated with respect
to the transmit signaling matrix Qi of the user i. In our
proposed algorithm, we deflect this gradient direction in
order to achieve the most possible linear convergence rate.
The deflection is done by approximating the inverse of the
Hessian matrix by using the DFP and the SSQN methods.
Along the convergence way, the gradient is calculated, and
the inverse of the Hessian is updated accordingly. Note that
we retain the projection method from [9] to fulfill the
constant power constraint in the problem (3). An extensive
set of simulations shows that the performance of the QN
methods is close to that of the GP method while the
convergence rate of the QN methods is much better.
The detailed procedure is illustrated in Algorithm 1. Note
that for convenience we use the symbols vec and mat to
convert the matrices into vectors and to concatenate the
vectors into matrices, respectively.
The proposed algorithm is similar to the IWF algorithm
(based on the Nash equilibrium) where each user tries to
maximize the capacity. However, the diﬀerence is that our
algorithm tries to maximize the system capacity rather than
the individual capacity as done by the IWF algorithm.
According to our algorithm, the suboptimum is reached
by a cooperative and distributed way which is the most suitable solution for ad hoc networks. More precisely, each user
updates independently his covariance matrix with respect to
the other updated and notupdated covariance matrices for
other users. That is, when calculating the matrix Qi (k + 1)
at the kth iteration, the user i broadcasts the calculated
matrix to other users, so by that they can proceed the
calculation of their own matrices Q j/ j#i (k + 1) successively.
Clearly, the amount of information to be sent in the feedback
link in order to reach the local optimum is straightforward
depending on the rate convergence. Such a case in real ad hoc
network may generate unsupportable overheads. Explicitly,
the network will be saturated by the feedback information.
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and the line simultaneously. That is F has the following
property:

Distributed optimization (at the user i)
Initialization
Qi (0), Fi (0);
k = 0;
gi (0) = ∇Qi C(Q1 (0), . . . , Qi (0), . . . , QN (0))
Main
While max [abs(Qi (k) − Qi (k − 1))] > 
d = Fi (k) · vec(gi (k));
Q = Qi (k) + mat(d);
Q = pro jection(Q ) onto S;
f ind αk ;
pi (k) = αk d;
Qi (k + 1) = Qi (k) + αk (Q − Qi (k));
broadcasting o f Qi (k + 1);
gi (k + 1) = ∇Qi C(Q1 (k + 1), . . . , Qi (k + 1);
Qi+1 (k), . . . , QN (k));
q = vec(gi (k + 1) + gi (k));
f ind (Fi (k + 1));
k = k + 1;
end

Fmn,m n = F∗nm,n m

Algorithm 1: Capacity maximization algorithm.

Thus, we can see the utility to optimize the global capacity
while keeping limited the amount of information to be
transmitted in the feedback link. The direct solution of
this problem is to minimize the number of iterations. Our
proposed algorithm by using the quasi-Newton methods
represents the most appropriate solution in this context. As
we will see, it represents a tradeoﬀ between the capacity
maximization, the convergence rate, and the complexity.
Nevertheless, the proposed algorithm contains three
embedded functions that need to be shown in explicit
mathematical forms: (1) find αk , (2) projection (Q ), and
(3) find (Fi (k + 1)). In the following, we examine these three
functions in details.


3.2.1. Projection(Q ). From the subject function of (3), we
know that the space of feasible solutions can be defined
by the set S of PSD matrices having unit trace. Then, the
problem is how to project the matrix Q onto S. For the sake
of simplicity, we first introduce the concept of Hermitian
vector. Assume now that b = vec(A) where A is a Hermitian
matrix, then b is called a Hermitian vector. From this
definition we have the following property:
∀m, n ∈ [1, M]

b(m−1)M+n = b∗(n−1)M+m .

5

(7)

For notation simplicity, we will refer to b(m−1)M+n by bmn .
In the following, we give a theorem in order to demonstrate that Q is a Hermitian matrix, and therefore the
projection problem can be reduced to how to project a
Hermitian matrix onto the set S.
Theorem 1. The inverse of the Hessian matrix has the
conjugacy property when interchanging the index of the column

∀m, n, m , n ∈ [1, M].

(8)

Proof. The demonstration will be conducted recursively.
Assume that this theorem is true for Fi (k) = A and
demonstrate it for Fi (k + 1) = B. Now we have Amn,m n =
A∗nm,n m . Note that Fi (0) can be initialized appropriately, in
order to verify the current theorem.
Mainly, the updating formula for the inverse of the
Hessian considered in the previous section is based on three
matrices: A, T = ppH , and R = AqqH A. Now, if we prove
that the last two matrices have the conjugacy property, then
so for B.
First we demonstrate that if b = vec(gi (k)), then c =
Ab is a Hermitian vector. Herein, we have to demonstrate
that cmn = c∗nm for all m, n ∈ [1, M]. Starting from the left
side, we know that cmn = Amn b where Amn is the (m −
1)M + n line of the matrix A. It follows directly that cmn =
M M
M M
∗
∗
m =1 n =1 Amn,m n bm n =
m =1 n =1 Anm,n m bn m =
∗
cnm where we used the fact that A has the conjugacy property
as assumed before, and b is a Hermitian vector. This latter
property can be induced directly from the analytical form of
the gradient matrix given in [9, 22].
From Algorithm 1, we have that p = αk A · vec(g), then
p is a Hermitian vector (as shown above). That is, pmn =
p∗nm . Thus, Tmn,m n = (ppH )mn,m n = pmn p∗m n = p∗nm pn m =
(pnm p∗n m )∗ = ((ppH )nm,n m )∗ = T∗nm,n m .
From [24], we recognize that A is a positive semidefinite
matrix. Then we have A = AH , and R can be written as uuH
where u = Aq, which has exactly the same form as T, and
therefore the demonstration will be the same.
Therefore, by summing the three components of B, we
have
Bmn,m n = B∗nm,n m

∀m, n, m , n ∈ [1, M].

(9)

Consequently, d = F · vec(g) is a Hermitian vector (same
demonstration as c), and finally Q is a Hermitian matrix.
As mentioned before, the problem now is how to project
the Hermitian matrix Q onto the set S. By using the
Frobenius norm as the matrix distance criterion, it was
shown that adjusting the eigenvalues appropriately and
keeping the same eigenvectors solves for the projection
problem. To be clearer, let Q = VΛVH be the eigenvalue
decomposition of Q . Therefore, to satisfy the constant power
constraint we need to find μ such that tr(Λ − μI)+ = 1.
Once μ is found. Q can be constructed as follows: Q =
V(Λ − μI)VH .
3.2.2. Find αk . In order to determine αk , we adopt the back
tracking line search due to its simplicity in implementation.
Herein, we do not suggest that this method is very accurate
compared to the exact line search method. However, we
believe that the value of αk will aﬀect all the compared
algorithms, similarly. According to this method, we choose
fixed values of a ∈ [0, 0.1], b ∈ [0, 1], and t0 ∈ [0, 1] and
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2.5

while C (k+1) − C(k) ≤ at
t = bt;
end;
αk = t;

N


i=1

Capacity (b/s/Hz)

C(k+1) = C(. . . , Qi−1 (k + 1), Qi (k + 1), . . .)
C(k) = C(. . . , Qi−1 (k + 1), Qi (k), . . .);
tr(giH (k)(Q − Qi (k)))

2
1.5
1
0.5
0

2

3

4

5

4

5

Algorithm 2: Back tracking line search.

we find t according to the incremental procedure presented
in Algorithm 2.

Number of iterations

Number of users

(10)

In which, c1 = pH
i (k)q > 0 when αk is chosen appropriately, c2 = qH Fi (k)q, v1 = pi (k)pH
i (k)/c1 , and v2 =
Fi (k)qqH Fi (k)/c2 .
3.3. Simulation Results. An extensive set of simulations is
carried out in order to compare the performance of the
four aforementioned algorithms: GP, CGP, and our proposed
algorithms, namely, DFP and SSQN.
For fairness in our comparison, we plot in each figure
(1) the achievable per-user capacity, which stands for the
local optimum in our problem and (2) the convergence rate
represented by the number of iterations to reach this local
optimum. Moreover and for the sake of comparison fairness,
we use the same common parameter used in [9] such as the
symmetric case where the SNR and the INR values are the
same for all users. We note that our results are averaged on
high number of randomly generated channel matrices. For
more simplicity, we use fixed number of antenna elements at
each node (M = 2).
As a first result, we show in Figure 1, the performance
with respect to the number of users. From the per-user
capacity point of view, we notice that the four compared
algorithms achieve almost the same performances. However,
the DFP and SSQN algorithms perform much better than
the others in term of convergence rate. In this figure, we set
the SNR at 0 dB and the INR at 0 dB. We examine the case
of two, three, four, and five users. In the results, we exclude
the scarce cases where the algorithms do not converge. To
interpret the results, we focus firstly on the GP algorithm
curves. We can see that our results concerning this algorithm
match very well with the results given in [9] in terms of
capacity and number of iterations. Recall that the number
of iterations of the GP method is less than 30 almost the time
when the symmetric configuration is adopted (as suggested
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Figure 1: Per-user capacity and convergence rate versus number of
users for M = 2, SNR = 0 dB, and INR = 0 dB.
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Figure 2: Per-user capacity and convergence rate versus
interference-to-noise ratio for M = 2, N = 4, SNR = 0 dB.

by the authors). However the DFP and the SSQN achieve a
superlinear convergence rate by reaching the local optimum
in no more than 7 iterations, alleviating by that the amount
of feedback information fourfold.
In the Figure 2, the performances versus the INR values
for fixed SNR value are depicted. As shown in this figure,
the convergence rate of the DFP and the SSQN methods
is the best among the others. Basically, we observe that
the convergence rate is independent from the interference
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level. Both the DFP and the SSQN reach the local optimum
with less than 6 iterations. However, the GP and the CGP
algorithms converge more quickly when low interference
level is presented. Whereas, they show a poor convergence
rate when the interferences become strong. By comparing
the proposed method and the old methods, we can obtain
an improvement on the convergence rate up to 400%.
From the per-user capacity perspective, the simulations
show that a small gap is presented between the proposed
method and the old method. This gap is negligible in low and
moderate interference environment. Whereas, when strong
interferences are presented, a small degradation on the DFP
and the SSQN can be noticed. However, this degradation
comes at the cost of the significant gain in the convergence
rate.
Generally speaking, the performances of DFP and SSQN
are much better than that of GP and CGP. In low interference
environment, the proposed algorithms enjoy a provable and
fast convergence. However, in strong interference environments where the old algorithms show a poorer convergence
rate, a slight sacrifice on the capacity leads to higher
convergence rate, which is an appropriate solution for
MIMO ad hoc networks.

4. Novel Optimized Signaling Scheme
In the previous section, we dealt with the conventional
problem of capacity maximization under a power constraint.
In this section we attack the signaling problem from a
diﬀerent angle. We propose a diﬀerent and eﬃcient problem
formulation which consists in minimizing the total power
under Quality of Signal (QS) constraints. To the best of our
knowledge, this formulation is not addressed before in the
context of precoding in MIMO ad hoc networks.
This novel problem design is motivated, since in WLAN
networks the successful reception of the packets is based
on their SINR values. Thus, maintaining a minimum SINR
threshold would be more eﬃcient in boosting up the system
throughput. Our proposition does not deal directly with the
SINR of each stream. Instead, it deals with another entity
which is related to the SINR by an increasing function.
Explicitly, our proposition consists in minimizing the
total power while maintaining the quality of the received
signal above a certain predefined threshold. This quality of
signal is interpreted as the ratio of the power of the total
desired signal received across the antenna array over the
power of the interuser interference signals received by the
same antenna array.

4.1. System Model. For notation simplicity, we introduce
a slight modification on the system model given in the
previous section. We use the operator l(·) to denote explicitly
that the destination of the source i is l(i). The channel
matrix denoted by H and the noise vector are assumed to
be iid complex Gaussian variables. For each node let G
represent the transmit precoder in which the transmit power

7

is embedded. By focusing our attention on the node l(i), the
baseband signal received by this node is given by

yl(i) = Hl(i),i Gi xi +
desired signal

N


Hl(i), j G j x j + nl(i) ,

j =1, j =
/ i,l(i)

(11)

noise

inter ferences

where xi represents the normalized information to be sent
(E(xiH xi ) = 1). The first term in (11) represents the desired
signal intended to node l(i) while the second regroups the
total interference signal received by node l(i), and the third
is the additive white Gaussian noise. Under the assumption
that the channels and the noise are independent and that
E(nnH ) = I, the covariance matrix of the received signal after
the decoding by a matrix Dl(i) can be written as




N


H
E rl(i) rH
l(i) = Hl(i),i Qi Hl(i),i +

Hl(i), j Q j HH
l(i), j + I,

j =1, j =
/ i,l(i)

(12)
and the covariance matrix of interference plus noise is given
by

Rl(i) = I +

N


Hl(i), j Q j HH
l(i), j ,

(13)

j =1, j =
/ i,l(i)

where Q = GGH represents the transmit covariance matrix
and H = DH represents the equivalent channel seen by the
transmitter.
4.2. Problem Formulation. In literature, the research issues
concern the problem of capacity maximization. In ad hoc
networks, the optimization problem needs a more careful
study. In fact, as suggested in [3, 10], the quality of the
received signal measured by the signal-to-interference-plusnoise ratio is the criterion adopted for connectivity in cross
layer design (also by the IEEE standardization comity), and
it is commonly used by the WLAN devices manufacturers.
As follows, a packet is successfully received if this criterion
is above a prespecified threshold. Moreover, maximizing
the overall system capacity may not lead always to the
high throughput obtained under a quality of signal (QS)
constraint due to critical links that fall below the packet
capture threshold.
In this section, we focus on the optimality of the
transmission strategy in the sense of minimizing the total
transmit power under a QS constraint at each user. The
global optimization problem is given in (14). Since the
system capacity is an increasing function of the QS values
of each user, boosting up these values can achieve a desired
capacity. This fact will be examined later by simulation. On
the other hand, the SINR of each stream is related to the QS
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by an increasing function. If we set a bigger QS threshold,
then we obtain a better SINR values:
minimize

N


tr(Qi )

i=1

subject to



tr I +



tr Hl(i),i Qi HH
l(i),i

N



H
j =1 j#i,l(i) Hl(i), j Q j Hl(i), j

 ≥ δi

(14)

i = 1 · · · N.
However, to be more concise about this formulation,
some points have to be recalled and clarified.
(i) We perform this study under the assumption that the
decoder is independent.
(ii) In this work, we focus only on the precoder design,
and we aim to alleviate the interuser interferences as
this factor is the major limit in ad hoc networks.
(iii) The intrauser interference (the mutual interference
between streams) is not addressed in our formulation. An optimal decoder can reduce this kind of
interferences.
(iv) The signal quality is measured as the ratio between
the power of the total desired signal to the power of
the total interuser-interferences-plus-noise power.
(v) This transmission strategy can be seen as a step
in an iterative joint precoder/decoder design for
MIMO ad hoc networks. Although we do not address
the decoder design in this work, we believe that
a receiving scheme optimizing the SINR for each
stream would be complementary to our transmit
scheme.
(vi) The improvement due to utilizing the designed
precoder represents the minimum gain that can be
obtained (i.e., in the case where the decoder is not
optimized). If we use an optimized decoder in parallel
with the designed precoder, the gain will be boosted
up.
This problem is not convex, and the solution cannot be
obtained directly. In the next section we show that, by using
matrix theory and semidefinite programming, we can solve
this problem eﬃciently.
4.3. Semidefinite Optimization. Semidefinite programming
(SDP) or semidefinite optimization (SDO) deals with convex
optimization problems over symmetric positive semidefinite
matrices [23]. Although this latter constraint is nonlinear,
but convex, so by using such interior point methods we can
still solve these problems with polynomial complexity and
practical eﬃciency. A general formulation of a semidefinite
optimization problem can be written as
minimize

tr(AX)

subject to tr(Bi X) = bi
X 0

i = 1 · · · N.

(15)

Note that X  0 denotes that the matrix X is positive
semidefinite.
From practical point of view, many problems can be
casted into the form of convex optimization. The utility to
convert a problem into convex one is that even if an analytical
form of the solution may not exist, the problem can still
be solved eﬃciently using numerical methods. Convex optimization can be solved iteratively using recently developed
high-eﬃcient interior point methods by converting the
constrained problem into a sequence of unconstrained ones,
which can be solved with Newton methods. Some program
packages are developed to solve such kind of optimization
problem, that is, SeDuMi [25]. This tool is encouraged for
our problem since it can handle eﬃciently complex number
manipulation.
4.4. Global Algorithm. The primal problem (14) turns out
to be non-convex. However, by using some matrix manipulation tools we can convert it to a general SDP problem.
Assuming that Fi, j = HH
l(i), j Hl(i), j and knowing that tr(XY) =
tr(YX), the constraint in (14) can be written as:


⎡



tr Fi,i Qi ≥ δi ⎣M +

N






⎤

tr Fi, j Q j ⎦.

(16)

j =1 j#i,l(i)

Then, the problem (14) can be written as
minimize

N


tr(Qi )

i=1

subject to

N 






tr Fi, j Q j ≥ δi M

(17)
i = 1···N

j =1

where Fi,i = Fi,i , Fi,l(i) = 0 and Fi, j#i,l(i) = −δi Fi, j .
By concatenating the matrices Fi, j and Qi in diagonal
matrices problem (17) can be written as:
minimize

tr(Q)

subject to tr(Zi Q) ≥ δi M

i = 1 · · · N.

(18)

Q  0,
where Zi = diag(Fi,1 · · · Fi,N ) and Q = diag(Q1 · · · QN ).
The operator X = diag(Y1 · · · YN ) returns a square matrix
X where the matrices Yi represent its diagonal elements.
From [14] we know that the transmit signaling matrices
Qi are positive semidefinite. It follows that all eigenvalues of
these matrices are nonnegative. On the other hand, we can
show easily that the characteristic polynomial of the matrix
Q is the multiplication of the characteristic polynomial of all
its components Qi . Therefore, the positive semidefiniteness
constraint is conserved. In fact, in problem (18) we show
explicitly the positive semedefitness constraint of the matrix
Q, in order to be coherent with the general SDP form. The
former of (18) is now convex due to the SDP formulation.
The object function is linear, and the constraints are linear
matrix inequalities. Thus, they are convex. The convexity
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4.5. Numerical Results. In this section, we conduct an
extensive set of simulations to access the performance of
our proposed algorithm. These simulations were carried
out using SeDuMi Matlab-based toolbox as shown in
Algorithm 3. Basically, the metric used is the power eﬃciency
[12]. This metric consists of the ratio between two power
entities. The first one is the total power used to maintain
the requested QS set, in the case without interferences.
The second stands for the total power provided by our
solver when interferences are taken into account. In fact,
the latter power value stands for the optimum solution in
our problem. As it can be perceived, the power eﬃciency
metric will be always less than one. A closed to one power
eﬃciency is obtained when powerful signaling schemes are
used. We simulate diﬀerent random networks with diﬀerent
number of nodes. Moreover, in each simulated network, the
results are averaged on suﬃciently high number of channel
realizations. We adopt fixed antenna array size (M = 4) and
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Figure 3: Power eﬃciency versus number of users for M = 4, δ =
0.1.

System capacity

ensures that the global optimum exists, and it can be found
in polynomial time. Once the matrix Q is obtained, Qi can
be extracted and factorized using Cholesky factorization to
obtain the transmit gain matrices Gi .
At the global optimum the constraints are active, that
is, the inequality becomes equality. Thus, problem (18) is a
straightforward form of (15). This can be proved by contradiction. Assume that the global optimum is reached and
the constraints are still inactive. Therefore, by minimizing
the total power (cost function) we can decrease the QS for
all users until all the constraints become active, and this fact
contradicts with the optimality of our solution.
A general approach to solve for problem (18) using
SeDuMi [25] tool is proposed in Algorithm 3.
According to our proposition, a centralized optimization
algorithm is performed. More precisely, the global CSI (for
all user) must be available at a central processing unit which
can calculate and feedback the transmit covariance matrices
for each user. Although the centralization is not allowed in
ad hoc networks, our global algorithm can be considered as
a benchmark for other propositions in this field of research.

4

10
Capacity/power

Algorithm 3: SDP solver.

Power eﬃciency

1

Centralized optimization
Build : Fi, j & Zi ; ∀i, j ∈ [1 · · · N]
Zi = Zi /(Mδi ); ∀i ∈ [1 · · · N]
V = [· · · vec(Zi ), vec(Zi+1 ) · · · ];
A = [−IN , VT ];
b = ones(N, 1);
c = [zeros(N, 1); vec(INM )];
K.l = N;
K.s = NM;
x = sedumi(A, b, c, K, pars);
Q = mat(x(N + 1 : end));
extract Qi ; ∀i ∈ [1 · · · N]
Gi = Cholesky(Qi ); ∀i ∈ [1 · · · N]

Figure 4: System capacity and total power versus diﬀerent QoS
threshold for M = 4, N = 10.

QS thresholds (δi = 0.1, for all i) in our simulations, unless
stated otherwise.
Noting that since our problem design is not addressed
before in MIMO ad hoc networks, we do not compare our
results to other results in literature. More explicitly, we cannot compare a power-minimizing problem under capacity
constraints with another power-minimizing problem under
QS constraints. As stated before, our algorithm stands as a
benchmark for other proposition in the same context.
Figure 3 shows the power eﬃciency performance with
respect to the number of nodes. As it can be seen, the
performance of the proposed algorithm depends tightly on
the number of transmitters in the network. If the number
of users is limited, the interuser interference level is limited,
and the power eﬃciency is near to one. When the number of
users increases, the interferences inundate the network, and
the power eﬃciency will be reduced.
From capacity point of view, we depict in the same figure
the ratio of the system capacity on the total transmit power.
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Herein, the capacity is expressed by bit/s/Hz and the power
is normalized with respect to the variance of the noise.
Recall that in our problem modeling we are not interested
to maximize the total capacity by itself, directly. Nevertheless,
by enforcing a certain set of QS thresholds we can fulfil
some capacity requirements. In Figure 4, we depict the
system capacity with respect to the QS threshold (δ). As it
can be noticed, a higher capacity can be obtained when a
higher threshold is imposed. However, imposing a high QS
threshold will increase the total transmit power.

5. Conclusion
In this work, the optimum transmission strategies in MIMO
ad hoc network are considered. We first deal with the capacity
optimization problem. In this context, a fast, cooperative,
and distributed algorithm is proposed in order to give an
optimum solution without inundating the system by the
feedback information. Our proposition is based on the
quasi-Newton methods for solving nonlinear optimization
problems. Compared to other algorithms in this context, our
algorithm presents the better convergence rate and enjoys a
provable and satisfactory convergence quality.
Then, we devise a novel problem formulation based on
the received signal quality constraints rather than capacity
constraints. This novel formulation is more beneficial for
WLAN networks. To solve our problem, we converted it into
SDP formulation, and we proposed a centralized algorithm
to calculate the precoders using Sedumi toolbox. Finally,
we evaluate our proposition through an extensive set of
simulation. In the future we aim to develop a distributed
version of the latter algorithm.

Appendix
The relation between the QS (quality of the received signal
across the received antenna array) and the SINR (of each
stream) is derived in this section. Assume that the power of
the received signal is composed by two entities: the power
of the desired signal (denoted by d), the power of the total
interuser interference plus noise (denoted by n). Let di be
the power of the stream i and d−i the power of all the
streams except the stream i. Obviously, d = di + d−i . Now
we can derive the relationship between the QS (denoted by c
hereafter) and the SINR for the stream i:
SINRi =

di
,
(d−i + n)

d
c= .
n

(A.1)

Then,
SINRi =

1
.
(d/di )(1 − 1/c) − 1

(A.2)

It follows that the SINR is an increasing function of c.c
represents the QS reached by optimizing the precoder. If
we set a bigger QS threshold, then we obtain a better SINR

values. However we cannot control the SINR repartition
between the streams (this is represented by the ratio d/di ).
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1. Introduction
Wireless relays are essential to provide reliable transmission,
high-throughput, and broad coverage for next-generation
wireless networks [1]. Deploying a relay between a source
and a destination cannot only overcome shadowing due to
obstacles but also reduce the required transmitted power
from the source and hence interference to neighboring
nodes. Relays can be regenerative [2] or nonregenerative
[3]. The former employs decode-and-forward scheme and
regenerates the original information from the source. The
latter employs amplify-and-forward scheme, which only
performs linear processing for the received signal and then
transmits to the destinations. As a result of the above
diﬀerence, a nonregenerative relay generally causes smaller
delay than a regenerative relay.
MIMO techniques are well studied to promise significant
improvements in terms of spectral eﬃciency and link reliability. In [4, 5], the capacity of point-to-point MIMO channel
is investigated and extensive work on multi-user MIMO
has been done for a decade [6]. Therefore, combined with
the above two technologies, a novel system called MIMOrelay emerges to accommodate users with high data rate

requests and extend the network coverage. Recently, there
is a vigorous body of work on MIMO-relay systems [7–15].
For example, [7, 8] derives upper bounds and lower bounds
for the capacity of MIMO-relay channels. In [9], the optimal
design of non-regenerative MIMO relays is investigated.
Assuming relays and receivers with multiple antennas, the
optimal relay matrix that maximizes the capacity between
the source and destination is developed when a direct link is
not considered or is negligible. The same problem is studied
in [10], and [11] extends the work to partial channel state
information (CSI) scenario.
Despite significant research eﬀorts and advances on
MIMO relay systems, most of the aforementioned research
is based on a point-to-point scenario with a single user
equipped with multiple antennas. In practical systems,
however, each relay will need to support multiple users.
This motivates us to study multiuser MIMO-relay systems,
where the relay forwards data to multiple users. The most
diﬀerent feature between the researches on the single-user
(with multiantenna) and multiuser (with single antenna)
system is that the signals of the multiple users cannot
be cooperatively pretransformed (e.g., uplink of a cellular
system) or posttransformed (e.g., downlink of a cellular
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system). While single-user MIMO-relay systems have been
a primary focus of prior research, a few researchers begin
to pay attention to multiuser scenario as well. In [16],
the optimal design of nonregenerative relays for multiuser
MIMO-relay systems based on sum rate is investigated.
Assuming zero-forcing dirty paper coding at the base station
(BS) and linear operations at the relay station (RS), it
proposes upper and lower bounds on the achievable sum
rate, neglecting the direct links from the BS to the users.
In this paper, we consider the problem of joint linear
optimization for both downlink and uplink in multiuser
cooperative nonregenerative MIMO-relay systems based on
MSE criterion, which is diﬀerent from the sum rate criterion
in [16]. The MSE criterion is motivated by robustness
to channel estimation errors and a lower implementation
complexity. Then our main contributions are as follows.
(i) We derive the optimal joint design of the BS and
RS filter matrices that achieves the minimum mean
squared error (MMSE) for both downlink and uplink
of the multiuser MIMO relay systems at the absence
of direct path.
(ii) We propose several schemes for the design of the BS
and RS filter matrices based on MSE criterion in the
presence of direct path, which is called cooperative
scenario in this paper.
(iii) We compare diﬀerent schemes for direct-path-only
scenario, relay-path-only scenario and cooperative
scenario, and the numerical results are provided
to show the eﬀectiveness joint filter design and
cooperative combine operation.
The rest of this paper is organized as follows. Sections 2
and 3 formulate the system model and propose the joint filter
design schemes for downlink and uplink of multiuser MIMO
relay systems, respectively. Numerical results are given in
Section 4. Finally, Section 5 concludes this paper.
Notations. Boldface capital letters and boldface small letters
denote matrices and vectors, respectively. Superscripts ∗ , T ,
and H stand for the conjugate, transpose, and complex conjugated transpose operation, respectively., while (·)−1 and (·)†
represent inversion and pseudoinversion of matrices. Also,
E(·) and tr(·) denote the expectation and trace operation,
respectively, and, finally, I is the identity matrix.

2. Downlink Systems
2.1. System Model and Problem Formulation. In this section,
we focus on the downlink of the multiuser cooperative
MIMO relay system as illustrated in Figure 1. Assuming half
duplex relaying, the scenario under analysis consists of a base
station (BS), a relay station (RS), and K mobile station (MS)
transmitting through two orthogonal channels, for instance,
two separate time slots as time division multiple access
(TDMA). During the first slot, The BS deployed with N
transmit antennas communicates with the fixed RS that has
M antennas and the MSs,each of which has single antenna.

A MIMO channel denoted by H1 ∈ CM ×N is thus created
between the BS and the RS while a MIMO broadcast channel
(MIMO BC) denoted by H0 ∈ CK ×N is also established. The
precoding strategy at the BS includes an encoding operation
and a subsequent linear operation with a filter matrix F ∈
CN ×K . The BS encodes K data streams that are targeted to
the MSs and broadcasts it to the RS and the MSs. The RS
processes the received signal with a filter matrix W ∈ CM ×M ,
and then forwards the data streams to the MSs through a
MIMO BC denoted by H2 ∈ CK ×M in the second slot. Finally,
in the cooperative scenario, each of the MSs combines the
signals from the direct path (DP) and the relay path (RP) that
are received in the first slot and the second slot, respectively.
Note that all the matrices in this paper are assumed full rank
for simplicity.
During the first slot, the signal model for the direct path
of the proposed system in downlink is
y0 = H0 Fs + n0 ,

(1)

where y0 = [y01 ; y02 ; . . . ; y0K ] and n0 ∈ CK ×1 is a zero-mean
complex Gaussian noise vector received at the MSs with
covariance matrix σ02 I. Also, s ∈ CK ×1 denotes a zero-mean
complex Gaussian vector whose covariance matrix is I, which
indicates that uncorrelated data streams are transmitted.
During the second slot, assuming y2i is the received signal
at MS i and y2 = [y21 ; y22 ; . . . ; y2K ], the signal model for the
relay path of the proposed downlink system is
y2 = H2 WH1 Fs + H2 Wn1 + n2 ,

(2)

where n1 ∈ CM ×1 and n2 ∈ CK ×1 are zero-mean complex
Gaussian noise vector received at the RS and MSs with
covariance matrices σ12 I and σ22 I, respectively. In addition,
we assume the signal and noise are uncorrelated as well. The
assumptions with the afore-mentioned signal and noise can
be summarized as








E n j nHj = σ 2j I;

E ssH = I;





E snHj = 0.

(3)

Then, the signal y0 and y2 are normalized as
s0 = β0−1 y0 ,

(4)

s2 = β2−1 y2 ,

(5)

where the scalar β0 and β2 can be interpreted as automatic
gain control that are necessary to give reasonable expressions
for the MSE in any real MIMO system.
Finally, we combine the signals from both the paths to get
s = α0s0 + α2s2 .

(6)

Therefore, the optimization problem based on MSE can be
formulated as


min

F,w,β0 ,β2 ,α0 ,α2



2

E s − s2



(7)



s.t. tr FFH = Et ,




H
2
H
= Er ,
tr WH1 FFH HH
1 W + σ1 WW

(8)
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Figure 1: Multiuser cooperative MIMO relay system model in downlink.

where we assume that BS and RS use the whole available
average transmit power, that is, Et and Er , respectively. Since
the transmitted signal from BS is Fs and the transmitted
signal from the RS is WH1 Fs+Wn1 , by using the assumption
(3) simultaneously, the power constraints can be obtained.
However, from the following explicit expression of the
objective function, it can be seen that the problem (7) is too
complex to be solved optimally:



2
E s − s2



As the direct path is actually a conventional MIMO link, a
closed form solution is found for the optimization in [17]
F = β0 T−1 HH
0 ,
β0 =

(12)

Et

,
tr T−2 HH
0 H0

(13)

where we define

 

H
= E tr (s − s)(s − s)

T = HH
0 H0 +



= tr α20 β0−2 σ02 I + α22 β2−2 σ22 I + α22 β2−2 σ12 H2 WWH HH
2

H



.
(9)

2.3. Filter Optimization for Relay Path. For the relay path, the
MSE is given by


2 
2 
ε = E s − s2 2 = E s − β2−1 y2 2 .

Hence, we separate it to be several independent subproblems
as the following sections produce.
2.2. Filter Optimization for Direct Path. Based on the signal
model (1) and (4), we first propose the optimization problem
for the direct path as

2 
min E s − s0 
2

F,β0

s.t.





tr FFH = Et .

(14)

Thus the optimal result for problem (10) is obtained.



+ I − α0 β0−1 H0 F − α2 β2−1 H2 WH1 F

× I − α0 β0−1 H0 F − α2 β2−1 H2 WH1 F

Kσ02
I.
Et

(15)

Then using (2) in (15), the optimization problem for the
relay path is formulated as


2

min E s − β2−1 (H2 WH1 Fs + H2 Wn1 + n2 )2

F,W,β2



(16)



(10)

s.t. tr FFH = Et

(11)

H
2
H
= Er .
tr WH1 FFH HH
1 W + σ1 WW







(17)
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Here, note that

which follows that



2 
E s − s2 





tr Re H2 WH1 F

2

 

= E tr (s − s2 )(s − s2 )

H



= tr H2 WH1 F



= K − 2β2−1 Re(tr(H2 WH1 F))


(18)





2
H H
= tr H2 W H1 FFH HH
1 + σ1 I W H2 + λ2 Er ,

H H
+ β2−2 tr H2 WH1 FFH HH
1 W H2



2
+σ12 H2 WWH HH
2 + σ2 I .

2.3.1. Local Optimal Joint (OJ) MMSE Scheme. Aiming at the
optimal solution of the problem (16), we can find necessary
conditions for the transmit filter F, the relay filter W, and the
weight β2 ∈ R+ by constructing the Lagrange function

where tr(AB) = tr(BA) and the power constraint at the relay
are used.
Hence, using (23) and (26) in (22), we obtain that ω =
Kσ22 /Er . Therefore, the filter matrix can be expressed as the
function of the transmit matrix for the optimization in (16):
H H −1
W = β2 G1−1 HH
2 F H1 G2 ,



L F, W, β2 , λ1 , λ2
2

2



+ λ1 t1 FFH − Et



(19)

 



H
2
H
− Er
+ λ2 tr WH1 FFH HH
1 W + σ1 WW

∂L
∗ ∗ ∗
−1 T
T T
= β2−2 HT1 WT HT2 H∗
2 W H1 F − β2 H1 W H2
∂F



T
∂L
∗
2
= β2−2 HT2 H∗
H1 FFH HH
1 + σ1 I
2 + λ2 I W
∂W

W(ω) = β2 W(ω)

(23)

with


W(ω) = HH
2 H2 + ωI
β2 =



tr

−1



H H
H H
2
HH
2 F H1 H1 FF H1 + σ1 I

−1

,

Er
,
H
H
H
W(ω)H1 FF H1 W (ω) + σ12 W(ω)WH (ω)
(24)

where the power constraint at the relay is used.
Applying (23) into (21), we get
2
H
H
H1 FH2 W = (H1 FFH HH
1 + σ1 I)W (H2 H2 + ωI)W,

(25)

(30)

Et

,
H HH H WH
tr Q−2 HH
W
2
1
1
2

(31)

where we define



where we use ∂tr(AB)/∂A = BT and ∂tr(ABAH )/∂A = A∗ BT .
By introducing ω = λ2 β22 , the structure of the resulting relay
filter follows from (21):

(29)

H H
F = β2 Q−1 HH
1 W H2 ,

H H
Q = HH
1 W H2 H2 WH1 +

+β2 Re(H2 WH1 F) β2−3 = 0,

Kσ22
I,
Er

Similarly, the expression of the transmit filter matrix in terms
of the relay filter matrix can be derived as

β2 =

(22)

(28)

2
G2 = H1 FFH HH
1 + σ1 I.

(20)

= 0,




∂L
2
H H
2
= 2tr −H2 W H1 FFH HH
1 + σ1 I W H2 − σ2 I
∂β2

Er
,
H H H −1
G1 H2 F H1 G2 H1 FH2
−2

G1 = HH
2 H2 +

(21)

(27)

where we define

+ λ1 F∗ + λ2 HT1 WT W∗ H∗1 F∗ = 0,

− β2 HT2 FT HT1

tr



with the Lagrange multiplier λ1 , λ2 ∈ R and setting its
derivative to zero:

−1



β2 =


2 
= E s − β−1 (H2 WH1 Fs + H2 Wn1 + n2 )
 

(26)



= tr H1 FH2 W

+

Kσ22 H H
H W WH1
Er 1


Et Er

(32)



2 2
H
σ12 Er tr H2 WWH HH
2 + Kσ1 σ2 tr WW

I.

From the above results, it is obviously seen that F and W are
functions of each other. Therefore, the solutions Frelay and
Wrelay for the problem (16) can be obtained via the following
iterative procedures.
(1) Initialize the transmit filter matrix F, satisfying the
transmit power constraint.
(2) Calculate the relay filter matrix W with the given F
according to (27).
(3) Calculate the transmit filter matrix F with the new W
according to (30).
(4) Go back to Step 2 until convergence to get Frelay and
Wrelay .
Although the MSE function in (15) is not jointly convex
on both the transmit filter matrix and the relay filter matrix,
it is convex over either of them. This guarantees that the
proposed iterative algorithm could at least converge on a
local minimum.
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2.3.2. Suboptimal Joint (SOJ) MMSE Scheme. In this subsection, we present a simplified closed form solution to the
suboptimal structure of F and W, in that the optimal scheme
proposed above involves a complex iterative algorithm which
is not quite practical in real systems.
First, we ignore the scalar β2 and the power constraint at
the relay for simplicity, and the problem can be changed into



2


 H1 Fs + H2 W
 n1 + n2 

min E s − H2 W
2




F,W

s.t.



H

tr FF



(33)

= Et .

Theorem 1. The objective MSE of problem (33) can achieve its
minimum when the BS filter and the relay filter are constructed
as follows:
 = H†2 Σw UH
W
1,

Proof. The standard Lagrange multiplier technique, which
is similar to that in the last section, is used to solve the
optimization problem formulated in (33). By setting the
derivative of the cost function to zero, we get


−1



H H
2
 = H†2 FH HH
W
1 H1 FF H1 + σ1 I

H H
HH
1 W H2 ,

−1

(35)

H
H
RH1 F = FH HH
1 R RH1 F + λF F,

RH1 F =

+ σ12 RRH ,

(36)
(37)

λFH F = σ12 RRH ,

Vr = U1 P.

which follows that
λ1/2 H
F Θ,
σ1

(39)

where Θ is a unitary matrix. Using (39) in (36), we have
σ1 H
H
2 H
F ΘH1 F = FH ΘH1 FFH HH
1 Θ F + σ1 F F.
λ1/2

(40)

†

Premultiply the equation by ΘH (FH ) and postmultiply by
F† Θ to get
σ1
2
H1 Θ = H1 FFH HH
1 + σ1 I.
λ1/2

(41)

(45)

Substitute the SVD of F and R in (38) to get
2 H
2
λVf Σ2f VH
f = σ1 Ur Σw
 Ur .

(46)

Using uniqueness of SVD, we have
V f = Ur P .

(47)

Without loss of generality, set the permutation matrix as
P = I. Then, using (44), (45), and (47) in (15), the MSE
expression becomes








2
ε = tr Vf (I − Σf Σ1 Σw )2 + σ12 Σ2w VH
f + σ2 I .

(48)

Since the trace of matrix depends only on its singular values,
Vf = Ur can be chosen to be any unitary matrix (e.g., I)
without aﬀecting the MSE. Therefore, we have
 = Σw UH
H2 W
1 ,

(49)

which leads to the desired result (34).
Theorem 2. The optimum MMSE power allocation policy can
be expressed as
Σ2f =



1

σ1 Σ1−1 − σ12 Σ1−2
λ1/2

+

Σw =
(38)

(44)

can be obtained, since no other matrices satisfy the property.
Note that P is a permutation matrix.
Similarly, we can also yield that

F = V1 Σ f ,

which implies RH1 F is Hermitian.
Thus, combining (36) and (37) gives

R=

2 H
which implies VH
1 Uf Σf Uf V1 must be diagonal. Hence,

,

where λ is the Lagrange multiplier.
 , the afore-mentioned two equaSupposing R = H2 W
tions can be arranged as

H R H
RHH
1 FF H1 R

H
Since H1 Θ is Hermitian from (41), UH
1 = V1 Θ. Applying it
in the afore-mentioned equation we get
σ1
2 H
2
Σ1 = Σ1 VH
(43)
1 Uf Σf Uf V1 Σ1 + σ1 I,
λ1/2

(34)

where Σf and Σw are diagonal matrices.

H H 
F = HH
1 W H2 H2 WH1 + λI

H
Let F = Uf Σf VH
 Vr and substituting the SVD of
f , R = Ur Σ w
F and H1 in (41),we have
σ1
2 H
H
H
2
U1 Σ1 VH
(42)
1 Θ = U1 Σ1 V1 Uf Σf Uf V1 Σ1 U1 + σ1 I.
λ1/2

Uf = V 1 P

Let the singular value decomposition (SVD) of H1 be H1 =
U1 Σ1 VH
1 . Here, for simplicity of the derivation, we assume
K = M = N. Thus, Σ(·) is a diagonal matrix of singular values
while U(·) and V(·) are square and unitary matrices. Then,
our main theories are described as follows.

F = V1 Σ f ,

5





s.t. tr Σ2f = Et ,

λ1/2
Σf .
σ1

(50)
(51)

Proof. Using (44) and (45) in (43), we have
σ1
Σ1 = Σ21 Σ2f + σ12 I,
(52)
λ1/2
which produces the desired water filling result (50). Besides,
from (46), (51) can be easily obtained.
Therefore, the filter matrices Frelay , Wrelay , and the scalar
β2 can be obtained via the following steps. First, calculate
 according to Theorems 1 and 2. Then, let the
Frelay and W
 , where η is chosen to meet
relay filter matrix Wrelay = ηW
the relay power constraint. In addition, the scalar β2 is set
to be equal to η. Thus, the solutions of Frelay , Wrelay , and
β2 form a suboptimal scheme for the optimization problem
(33), which is simpler than the local optimal scheme.
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Table 1: Computational complexity of the proposed schemes in downlink systems.

Schemes
OJ-MMSE/RP
SOJ-MMSE/RP
TAF-MMSE/RP
MMSE/DP
CS1-MMSE/RDP
CS2-MMSE/RDP

Complexity
+
+ 3NM 2 + 4MNK + 2MN 2 + KN 2 + N 3 )
3M 3 + 3M 2 N + 3K 2 M + K 3
2
2NM + 2MN 2 + 2MNK + KM 2 + KN 2 + N 3
KN 2 + N 3 + MN 2
2
3
KN + N + MN 2 + 3KM 2 + 3M 3 + 2MNK + NM 2
3M 3 + 3M 2 N + 3K 2 N + K 3 + N 3

T(4KM 2

3M 3

M=N =K =2
7200
80
72
24
96
88

Table 2: Computational complexity ofthe proposed schemes in uplink systems.
Schemes
OJ-MMSE/RP
RAF-MMSE/RP
MMSE/DP
CS1-MMSE/RDP
CS2-MMSE/RDP

2.4. Filter Design Schemes for Cooperative Scenario. After the
signal from the direct path and the relay path s0 and s2
are obtained, the optimization problem for combining them
based on minimizing the MSE is formulated as




2

min E s − α0s0 − α2s2 2 .
α0 ,α2

(53)

By applying the standard Lagrange multiplier technique, the
optimal weighing parameters are written as
α0 =

M=N =K =2
64
40
24
144
88

Complexity
3KM 2 + 3MN 2 + M 3 + N 3
MNK + MN + 2KN 2 + N 3
2KN 2 + N3
3MN 2 + 9N 3 + 3KM 2 + M 3 + NM 2 + MNK
3KM 2 + 3MN 2 + 2KN 2 + M 3 + 2N 3

tr[Re(R02 )]tr[Re(Rs2 )] − tr[R22 ]tr[Re(Rs0 )]
,
tr2 [Re(R02 )] − tr[R00 ]tr[R22 ]

tr[Re(R02 )]tr[Re(Rs0 )] − tr[R00 ]tr[Re(Rs2 )]
,
α2 =
tr2 [Re(R02 )] − tr[R00 ]tr[R22 ]

(54)

where we assume Ri j = E(sis j ) and Rs j = E(ss j ) (i, j = 0, 2).
As is known, we are unable to find the optimal solution
for problem (7). Then based on the optimal results for the
subproblems (10), (16), and (53), we propose two schemes
to approach the optimal results.
Cooperative Scheme 1 (CS1). In this scheme, we first present
the transmit filter matrix from view of the direct path, that
is, F1cooper = Fdirect . Then, based on (27), the relay filter
W1cooper is fixed. Besides, the scalar β0 and β2 at the MSs
can be easily obtained by using (13) and (28), respectively.
Conditioned upon the results above, the covariance matrix
Ri j and Rs j can be worked out to get the weight α0 and α2 .
Therefore, the above solutions {F1cooper , W1cooper , β0 , β2 , α0 , α2 }
form Cooperative scheme 1 for the downlink of proposed
multiuser cooperative MIMO-relay systems.
Cooperative Scheme 2 (CS2). Alternatively, this scheme takes
the relay path into account primarily. Namely, the transmit
filter matrix and the relay filter matrix follow the result
deduced for the relay path, which is written as F2cooper =

Frelay and W2cooper = Wrelay . Then the scalar β0 and β2 can
be calculated accordingly to normalize the received signal
at the MSs. Similar with that in Cooperative scheme 1, the
weight α0 and α2 are obtained. Thus the Cooperative scheme 2
{F2cooper , W2cooper , β0 , β2 , α0 , α2 } is created.
In summary, all the schemes above are useful for diﬀerent
scenarios. As we know, there may be three kinds of users
in relaying networks: direct users, pure relay users, and
cooperative users. The direct users communicate with the BS
directly and can use the filter design results in Section 2.2. For
the pure relay users, they receive the data stream signal only
from the relay path neglecting the direct link. These users can
adopt the filter design results in Section 2.3. The cooperative
users are those who combine the signal from the direct path
in first time slot and the signal from the relay path in the
second time slot. For these users, we propose two diﬀerent
filter design schemes in Section 2.4.

3. Uplink Systems
3.1. System Model and Problem Formulation. In uplink systems, we also assume nonregenerative MIMO-relay system
with direct link as depicted in Figure 2. As shown in
downlink systems, there are also one BS equipped with N
antennas, one RS with M antennas and K users each of
which with single antenna in uplink systems. During the first
slot, the users transmit data streams, respectively, to the BS
and the RS through two independent MIMO access channels
(MIMO AC) denoted by H0 ∈ CN ×K and H2 ∈ CM ×K . The
RS processes the received signal by W ∈ CM ×M , and then
transmits to the BS in the second slot. The channel between
them is a traditional MIMO link H1 ∈ CN ×M . Multiplied
by the filter matrix F ∈ CK ×2N , the signal from two slots is
decoded to be K data streams at the BS.
Similar with that in downlink systems, the signal model
for the direct path of proposed systems in uplink is
s0 = F0 H0 s + F0 n0 ,

(55)
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Figure 2: Multiuser cooperative MIMO relay system model in uplink.

where n0 ∈ CN ×1 is a zero-mean complex Gaussian
noise vector received at the BS with covariance matrix σ02 I.
Also, s ∈ CK ×1 denotes a zero-mean complex Gaussian
vector whose covariance matrix is (Em /K)I, which indicates
uncorrelated data streams with equal power are transmitted.
Note that Em is the total transmit power for all the MSs. Here,
F0 ∈ CK ×N is the filter matrix at the BS for the direct path.
Then the signal model for the relay path of the proposed
multiuser nonregenerative MIMO-relay system in uplink is
given by
s2 = F2 H1 WH2 s + F2 H1 Wn2 + F2 n1 ,

(56)

where n1 ∈ CN ×1 and n2 ∈ CM ×1 are zero-mean complex
Gaussian noise vectors received at the BS and RS with
covariance matrices σ12 I and σ22 I, respectively. Also, F2 ∈
CK ×N is the filter matrix at the BS for the relay path. The
afore-mentioned assumptions can be expressed as




E ssH = ρm I;





E ni nH
= σi2 I;
i





where ρm = (Em /K)I is defined.
Finally, we combine the signals from both the paths to get
(58)

2

min E s − s2







W,F

s.t.



(60)



2
H
tr W ρm H2 HH
= Er ,
2 + σ2 I W

where we assume that the RS uses the whole available average
transmit power Er .
3.2. Filter Optimization for Direct Path. Based on the signal
model (55), we first propose the optimization problem for
the direct path as




2

min E s − s0 2 ,

(61)

F0

whose optimal solution can be expressed as [18]


H
2
F0 = ρm HH
0 ρm H0 H0 + σ0 I



E snH
= 0,
i
(57)

s = s0 + s2 ,

Therefore the optimization problem based on MSE can
be formulated as

−1

.

3.3. Filter Optimization for Relay Path. For the relay path, the
MSE is given by





2
ε = E s − s2 2 .

(63)

Then using (56) in (63), the optimization problem for the
relay path is formulated as


that is,
⎛⎡
s = F⎝⎣

where F = [F0

H0
H2 WH1

⎤

⎡

⎦s + ⎣

n0
H2 Wn1 + n2

F2 ] ∈ CK ×2N is assumed.

min E s − (F2 H1 WH2 s + F2 H1 Wn2 + F2 n1 )22

⎤⎞
⎦⎠,

W,F2

(59)

(62)

s.t.









2
H
= Er ,
tr W ρm H2 HH
2 + σ2 I W



(64)
(65)

where we assume that the RS uses the whole available average
transmit power Er .
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As discussed in downlink systems, the Lagrange function
is constructed as


L(W, F2 , λ) = E s − (F2 H1 WH2 s + F2 H1 Wn2 + F2 n1 )22
 







2
H
− Er
+ λ tr W ρm H2 HH
2 + σ2 I W





H
which implies FH
2 F2 H1 H1 is Hermitian since the right-hand
2 H
H
side is Hermitian. In addition, FH
2 F2 = Vf Σf Vf and H1 H1 =
H
U1 Σ21 UH
are
Hermitian
where
F
=
U
Σ
V
is
assumed.
2
f f f
1
Hence, by using Lemma 1, we have Vf = U1 Λ, where Λ is
a diagonal matrix. Without loss of generality, let Λ = I, that
is

(66)
with the Lagrange multiplier λ ∈ R and by setting its
derivative, we have


H
W = ρm HH
1 F2 F2 H1 + λI

−1



H H
H
2
HH
1 F2 H2 ρm H2 H2 + σ2 I

−1

,

(67)
F2 =

H H
ρm HH
2 W H1

−1

H H
2
H H
2
× H1 WH2 HH
.
2 W H1 + σ2 H1 WW H1 + σ1 I

V f = U1 .

Using the SVD of F2 , W, H1 , H2 , and the result (72), it holds
that (71) becomes


Lemma 1. If A and B are both Hermitian, there exists a
unitary U such that UAUH and UBUH are both diagonal if an
only if AB is Hermitian.
U1 Σ 1 V H
1 ,

H2 =
Next, let the SVD of H1 and H2 be H1 =
U2 Σ2 VH
.
Here,
we
also
assume
K
=
M
=
N
for
simplicity.
2
Then two main theorems involving the optimal scheme in
uplink with their proofs are presented as follows.

Since the left-hand side of the afore-mentioned equation is
diagonal, the other term must be diagonal. Thus, VH
1 Uw and
VH
w U2 must be a permutation matrix P, in that no other
matrices can satisfy the property. Let P = I, we have

F2 = V2 Σf UH
1,



=

which implies that
Uf = V 2 .

+ H1 W

Theorem 4. The optimum MMSE power allocation policy of
the problem (64) can be expressed as
Σ2w =

= λH1 W

+ H1 W



−3
−2
σ1
 − σ 21 Σ1−2 Σ

ρm Σ1−1 Σ2 Σ
1/2
λ




s.t. tr Σw Σ

2



= Er

+

,
(77)

λ1/2 
σ w Σ,
σ1

2

 = ρm Σ22 + σ 22 I is defined.
where Σ

Proof. Using the results (74) in (73), we get
2

ρm H2 HH
2

ρm H2 HH
2



Σf =

+ σ22 I



W

H

H
H
HH
1 F2 F2 H1 H1 ,

 ,
σ12 Σ2f = λΣ2w Σ

(78)

λ1/2 
Σw Σ.
σ1

(79)

that is
(70)

ρm H1 WH2 F2 H1 HH
1


(76)

Hence, substituting (72), (74), and (76) into the SVD of F
and W, we can have the desired result (69), which decomposes the MIMO relay channel into parallel channels.

H
σ12 FH
2 F2 H1 H1





ρm Σ1 Σw Σ2 = ρm Σ21 Σ22 Σ2w Σf + σ22 Σ21 Σ2w Σf + σ12 Σ2f UH
f V2 ,
(75)

where Σw and Σf are diagonal matrices.

ρm H1 WH2 F2 H1 HH
1

(74)

Using SVD and (72), (74) in (68), we get

(69)

Proof. the derivation begins with the equivalent form of (67)
and (68) that are expressed as

V w = U2 .

Uw = V 1

Theorem 3. The objective MSE of problem (64) can achieve its
minimum when the relay filter and the BS filter are constructed
as follows:
W = V1 Σw UH
2



2
H
2
H
H
σ12 Σ2f = λVH
1 Uw Σw Vw U2 ρm Σ2 + σ2 I U2 Vw Σw Uw V1 . (73)

(68)
Obviously, F2 and W are function of each other. Iterative
algorithms can be applied to get the optimal solution.
However, it is too complex to be practical. Thus, a closeform solution will be derived in the following. Before the
derivation, we introduce a useful lemma first [19] as follows.

(72)

+ σ22 I

ρm H2 HH
2

Σf =



+ σ22 I

W



H

W

HH
1

H

Substituting (76) and (79) into (75), the desired results are
obtained.

H
H
HH
1 F2 F2 H1 H1 .

Comparing the above equations, we get




H
H
2
H H
σ12 FH
2 F2 H1 H1 = λH1 W ρm H2 H2 + σ2 I W H1 ,

(71)

Therefore, the afore-mentioned theorems form the
closed form local optimal solution for uplink of proposed
systems, that is, the filter matrices W and F2 , can be easily
calculated according to Theorems 3 and 4.
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3.4. Filter Design Schemes for Cooperative Scenario. Based
on the results derived earlier, we propose two schemes to
approach the optimal results.
Cooperative Scheme 1. In this scheme, the relay filer matrix
is given bythe expression
of W as shown in Section 3.3. By

H0

regarding

and

H1 WH2





n0

H1 Wn2 +n1

as equivalent channel

matrix and noise vector of the conventional MIMO link, the
receive filter matrix F can be obtained via the Linear MMSE
receiver in [18], that is,


H
H H
F = ρm HH
0 H2 W H1

⎡
×⎣

2
ρm H0 HH
0 + σ0 I



H H
ρm H0 HH
2 W H1

⎤
⎦.

H
2
H H
ρm H1 WH2 HH
0 ρm H1 WH2 H2 W H1 + σ1 I
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which is similar with that in conventional MIMO systems
by regarding η1 H1 H2 and η1 H1 n2 + n1 as equivalent channel
matrix and noise vector. Then the received MMSE filter F can
be obtained via the Linear MMSE receiver in [18].
In the simulation, we assume a flat fading channel in
which each component of H1 and H2 is an i.i.d. complex
random variable with zero mean and unit variance. Considering that the distance between BS and the MSs is usually
larger than that between RS and BS, a relevant path loss p is
introduced to let H0 = pH0 where each component of H0
is another i.i.d. complex random variable with zero mean
and unit variance. In addition, uncorrelated data streams
and noise are assumed. To be more specific, 10000 QPSK
symbols are simulated for each of the data streams per
channel realization and all the results are mean of 2500
channel realizations.

(80)
Cooperative Scheme 2. In this scheme, the relay filer matrix
is also given by the expression of W as shown in Section 3.3.
Besides, the BS detects the soft estimate of the data streams
from the direct path and relay path using the filter matrix
F0 and F2 , respectively. Finally, the receiver performs MRC
combination over the separate data stream and then decodes
them.

4. Numerical Results
The bit error rates (BER) of the proposed schemes in
the previous sections are evaluated by applying them to
a K-user MIMO-relay system with N antennas at the BS
and M antennas at the RS. We obtain the BER plots of OJMMSE/RP (Section 2.3.1), SOJ-MMSE/RP (Section 2.3.2),
MMSB/DP (Section 2.2), CS1-MMSE/RDP (Section 2.4)
and CS2-MMSE/RDP (Section 2.4) in downlink systems,
together with OJ-MMSE/RP (Section 3.3), MMSB/DP
(Section 3.2), CS1-MMSE/RDP (Section 3.4), and CS2MMSE/RDP (Section 3.4) in uplink systems. Note that RP
and DP denote direct path and relay path, respectively, while
RDP represents the cooperative scenario with both the paths.
In addition, we also evaluate the following two schemes as a
reference for downlink and uplink systems, respectively.
(1) Transmit Amplify-and-Forward MMSE for relay path
of downlink systems (TAF-MMSE/RP). This scheme only
requires the relay to normalize the received signal to meet the
power constraint and then forward the signal. In this case, the
filter matrix at the relay is
W = η1 I,

(81)

where η1 is given to meet the power constraint at the relay,
and hence the BS filter matrix F and the scalar β are obtained
by substituting (81) into (30).
(2) Receive Amplify-and-Forward MMSE for relay path of
uplink systems (RAF-MMSE/RP). In this scheme, the filter
matrix at the relay is also W = η1 I, where η1 is given to meet
the power constraint at the relay and hence the uplink signal
model becomes




y = F η1 H1 H2 s + F η1 Hl n2 + n1 ,

(82)

4.1. BER versus SNR. Figures 3 and 4 show the comparisons
of the BER versus SNR in downlink of multiuser MIMOrelay systems. SNR1 denotes the average signal-to-noise
ratio of BS-RS link, that is, Et /σ12 , while SNR2 denotes the
average signal-to-noise ratio of the RS-MS link, that is, Er /σ22 .
Besides, we assume σ02 = σ12 = σ22 and M = N = K = 2 in the
simulation. The graphs show that the BER of the schemes
except MMSB/DP and CS1-MMSE/RDP is saturated when
SNR1 or SNR2 becomes large. This is because the relay path
is dominant in these schemes, and thus if the SNR of either
link is fixed, the BER will converge to a lower bound with
the increase of SNR of the other link. On the other hand,
we can see that the BER of CS1-MMSE/RDP scheme does
not only outperform other schemes much but also is not
saturated when increasing SNR1. This is due to the fact that
it takes into account both the direct path and relay path and
performs joint filter design over the paths. By comparing
both the OJ-MMSE/RP and TAF-MMSE/RP scheme for relay
path, it can be observed that the joint BS and RS filter design
show BER gain than conventional precoding at the BS and
AF at therelay, especially in high SNR region. However, when
SNR1 is larger enough than SNR2, the MMSB/DP scheme
for direct path is better than other schemes except CS1MMSE/RDP scheme due to the performance loss of two hop
transmission.
Figures 5 and 6 show the comparisons of the BER versus
SNR in uplink of multi-user MIMO-relay systems. Here,
SNR1 denotes the average signal-to-noise ratio of RS-BS link,
that is, Er /σ12 , while SNR2 denotes the average signal-to-noise
ratio of the MS-RS link, that is, Em /σ22 . Similarly, the graphs
also show benefit from the proposed cooperative operation
for both paths and joint filter design at BS and RS.
4.2. BER versus the Number of Antennas per Node. Figures
7 and 8 show the BER of the schemes with various number
of antenna sat the BS and RS for downlink systems and
uplink systems, respectively. However, M = N = K is also
assumed. We can see that with the increase of the number of
antennas per node, the BER of most schemes rises gradually
due to the interference among the multiple data streams,
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Figure 6: BER versus SNR of MS-RS link in uplink (p =
0.4, SNR1 = 15 dB).

but it converges when N becomes large. However, the CS1MMSE/RDP scheme in uplink systems performs diﬀerently,
which shows that this scheme can eliminate the interference
eﬀectively.

becomes the best scheme instead of the CS1-MMSE/RDP
scheme. This is because the bad direct channel condition
brings little performance gain that can not oﬀset the
performance loss for the relay path. On the other hand, the
CS2-MMSE/RDP scheme, together with other three schemes
where only relay path is focused, is not aﬀected by the change
of the direct channel. Furthermore, comparing the schemes
only considering relay path and the MMSE scheme only for
direct path, it can be seen that the latter performs better

4.3. BER versus the Relevant Path Loss of Direct Path. Figure 9
shows the BER of the schemes with various relevant path loss
for downlink systems. Here, when the relevant path loss of
direct path p is small enough, the CS2-MMSE/RDP scheme
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than the former if the direct channel is good enough, which
oﬀers a measure for routing the users in cellular MIMO-relay
networks.
Figure 10 shows the BER of the schemes with various
relevant path loss for uplink systems. Apart from the CS2MMSE/RDP scheme, other schemes perform similar with
that in downlink systems. As the CS2-MMSE/RDP scheme
for uplink systems also takes both the direct path and
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Figure 10: BER versus pathloss of direct path in uplink (SNR 1 =
SNR2 = 15 dB).

the relay path into account, its BER decreases with the
improvement of direct path.
4.4. Complexity. Finally, Tables 1 and 2 show computational
complexity of the proposed schemes in downlink and uplink
systems, respectively. The complexity is measured as the
number of required complex multiplications. For simplicity, we only take matrix multiplication, matrix inversion,
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Figure 11: MSE performance versus number of iterations.

and SVD parts into account. In addition, for the scheme
involving iterative algorithm, we approximate the average
iteration time T to be 50. For downlink systems, it is observed
that the reference scheme MMSB/DP and TAF-MMSE/RP is
lower than others due to their simple operations. In addition,
CS1-MMSE/RDP only requires a little more multiplications
while providing much better performance than others as
showed in the previous subsections. Similarly from 0, we can
see that CS2-MMSE/RDP can achieve an excellent tradeoﬀ
of complexity and performance. However, CS1-MMSE/RDP
scheme sacrifices not much complexity for much better
performance than other schemes.
4.5. Convergence of Iterative Algorithm. Figure 11 gives the
average MSE versus the iteration number for OJ-MMSE/RP
scheme in Section 2.3.1 under three diﬀerent system configurations, that is, SNR1 = SNR2 = {5, 15, 25} dB. In
the figure the dash lines are the steady state performance
of the corresponding configurations. As is seen Figure 11, it
is obvious that the total MSE is monotonously decreasing
and lower bounded to 0. These two facts guarantee the
convergence of the scheme. In addition, simulation results
have demonstrated that the system performance is very close
to the steady-state solution after only a few numbers of
iterations.

5. Conclusion
In this paper, the local optimal MSE-based joint (BS and
RS) filters have been proposed for a multiuser cooperative nonregenerative MIMO-relay system. Both uplink and
downlink are considered. It is clear that the cooperative
system can be divided into two paths, that is, the direct path

and the relay path. As the optimal filter for the direct path
can be obtained by using the exiting results of conventional
MIMO link, we focus on the optimization for the relay
path first. To be more specific, we propose the joint local
optimal filter scheme, which involves an iterative algorithm
in downlink scenario. Thus a simpler suboptimal scheme is
derived for practical use. Then, in uplink scenario a closedform optimal solution is exploited based on matrix analysis
theory. The proposed optimal scheme firstly transform the
MIMO relay channel into parallel sub-channels and then
the optimal power allocation among the sub-channels has
been found to follow a water-filling pattern. Furthermore,
based on the results for direct path and relay path, two
schemes are proposed for downlink systems and uplink
systems with diﬀerent combination methods, respectively.
Numerical results and analysis show that joint filter design
and cooperative operation can oﬀer significant performance
gain in terms of BER.
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Multihop wireless networks will play an important role in future communication networks. Beamforming antennas have shown
great potential to improve the connectivity in these networks; however only heuristic approaches exist to assess the benefits of this
technology. Using the popular “keyhole” antenna model, we formulate a Mixed Integer Program (MIP) capable of acquiring
optimal antenna configurations for path probability with various auxiliary constraints, node degree, and k-connectivity. We
employ a problem-specific large-scale optimization approach named “column generation” to be able to cope with realistic scenario
sizes without sacrificing optimality. In a case study, we show the feasibility of our optimization approach and demonstrate that
“smarter” beamforming heuristics would still have plenty of room to improve the connectivity of such a network.
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1. Introduction
The concept of multihop wireless communication is steadily
gaining importance and will be an integral part of future
wireless heterogeneous networking architectures. In this
paper we consider multihop ad hoc and sensor networks,
which operate without the help of any central entity in a
distributed manner. Network nodes can either communicate
via a direct link, if the two nodes are within communication
range, or via multihop, utilizing intermediate nodes as relays.
If the network topology does not allow for a path between
two specific nodes in the network, there will be no way
for these nodes to communicate, regardless whatever clever
routing or data forwarding algorithms are applied. Hence,
connectivity is of major importance in ad hoc or sensor
networks. Optimally, there exists a multihop path between
any node pair in the network. In this case the network is said
to be connected. However, due to the random nature of the
network topology in ad hoc networks, full connectivity is
not always achieved. In this case the degree of connectivity
can be expressed by the path probability, the probability
that any selected pair of nodes in the network can set up
a multihop path between them. For a random network
topology, this probability depends on a number of variables:
the spatial positions of the nodes, the transmit power, the

channel path loss, the transmit and receive antenna gains,
and the required receive power for successful decoding.
If all these parameters are fixed, the connectivity of the
given network cannot be improved. However, if we assume
that some of the described parameters can be adapted, we
can employ this to improve the network connectivity. This
approach is called connectivity shaping. The most obvious
parameter to change is the transmit power. This has been
investigated in the past and has shown interesting gains.
This connectivity shaping approach however inherits some
limitations. Obviously, it would be beneficial to allow each
node to choose an individual transmit power, that is locally
optimal. Unfortunately, this will yield directed links, which
is extremely undesired and will complicate both routing as
well as medium access significantly. Hence, all nodes should
agree on one common transmit power value. This does not
only limit the degree of freedom for connectivity shaping, it
also imposes signaling and protocol requirements, assuring
the network wide use of the same power value.
In this paper, we consider a diﬀerent approach to
connectivity shaping. We fix the transmit power, but we
adapt the transmit and receive antenna gains. In order to
be able do this, the nodes must be equipped with adaptive
antennas, that is, with an antenna array and adequate signal
processing capabilities. By adapting the complex antenna
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gains appropriately, the main part of the power can be
radiated in a desired direction, while radiation into other
directions is significantly attenuated. Therefore, we can
without increasing the transmit power increase the range
of a node in some directions while decreasing the range in
others. Obviously, this can change the connectivity of the
network significantly. The options for receive and transmit
beamforming are manyfold. Depending on the number of
antennas and the available information (direction of arrival
from other network nodes), several diﬀerent goals can be
achieved by means of beamforming: range maximization,
interference minimization, SINR maximization, nulling of
specific directions, to name a few. In the context of ad
hoc networks, we are especially interested in beamforming
approaches, which do not require frequent measurements,
estimations, or information updates on a packet basis. We
are rather interested in (semi-)static beamforming for connectivity shaping. Specifically, we have considered maximum
gain phase shift beamforming; that is, the phase shift between
the array antennas is chosen such that the resulting gain in a
desired direction is maximized. Now, given the number of
antennas and the maximum gain beamforming approach,
the question arises, in which direction should any node in
the network steer their maximum power, that is, their main
beam, in order to maximize the path probability?
Several distributed approaches have been investigated. In
the Random Direction Beamforming (RDB) approach, each
node chooses a random direction and it could be shown that
this simple approach already achieves significantly higher
connectivity than omnidirectional networks with the same
transmit power. The Penrose theorem, which graph theoretically links the network connectivity with the minimum
node degree in random graphs and in geometric random
graphs, motivated the Maximum Node Degree Beamforming
(MNDB) approach. In this approach, each node performs
beam sweeping, overhearing beacons, and selects the main
beam direction, in which it identifies the maximum number
of direct neighbors. This approach can in fact further
increase the connectivity. The next logical step has been
the Two-Hop Neighbor Degree Beamforming (TNDB), which
maximizes the two-hop neighbors of each node locally, also
based on beam sweeping and the exchange of beacons.
This approach is further improving the connectivity. In
parallel, other distributed beamforming strategies have been
suggested in the literature. Performance comparison among
the distributed approaches can easily be made by computer
simulations. However, one important question remained
unanswered so far: How far away are the distributed
approaches developed up to now compared to the global
optimum? Answering this question is extremely important
in order to assess the quality of distributed algorithms and
in order to evaluate the potential of developing improved
distributed schemes. To this end, we develop a Mixed Integer
Linear Program (MIP) formulation. This is enabled by
applying a simplified yet meaningful smart antenna model,
namely, the brick wall or key hole model. With the given
optimization model, we are able to incorporate diﬀerent
optimization goals, such that on top of the path probability,
other network properties can be optimized. To enable

fast convergence of the optimization when the number of
network nodes is increased, a column generation approach is
used. With this optimization methodology, we are now able
to identify performance limits of ad hoc networks in terms of
connectivity, which can be applied in order to assess current
and future distributed connectivity shaping approaches.
The reminder of the paper is organized as follows.
We present the previous work in the field of ad hoc
connectivity and Linear Programming in Section 2. Our
underlying network model is introduced in Section 3. Based
on this foundation, we develop our optimization model
comprised of the MIP formulation and problem-specific
solution methods in Section 4. In the following case study in
Section 5, we compare a heuristic method for connectivity
shaping to optimal results generated with our MIP model
and draw our conclusions in Section 6.

2. Related Work
In this section, we discuss related literature regarding ad hoc
network connectivity and linear optimization, respectively.
2.1. Connectivity of Ad Hoc Networks. Connectivity in ad hoc
networks has been studied analytically and by means of system simulations. There is a body of research concentrating on
omnidirectional nodes, relating the statistical connectivity
to the node density and transmission range, for example,
[1–4]. Most studies focus on homogeneous spatial node
distributions, however, some investigate inhomogeneous
distributions. The analytical studies on connectivity are
mostly applying a theorem by Penrose [5] in order to
relate the connectivity to the minimum node degree in the
network. Penrose investigated random graph topologies and
was able to prove that, under certain circumstances, the
network becomes connected with high probability when
the minimum node degree in the graph becomes one.
Similarly, he could show that k-connectivity is achieved with
high probability, when the minimum node degree becomes
k [6]. Connectivity shaping by means of power control
has been proposed and investigated, for example, in [7–
11]. Connectivity studies considering adaptive beamforming
antennas are not so common but do exist [12–14]. Adaptive
antennas have been considered for connectivity shaping
in [15, 16] by applying heuristic distributed approaches.
To the best of our knowledge, an approach to determine
connectivity bounds for ad hoc networks with adaptive
antennas by means of optimization has not been provided so
far by other authors. However, parts of the work presented in
this paper have been published before in [17–19].
In contrast to these results, in this paper we consider
additional optimization goals on top of the path probability
maximization, like node degree maximization or minimization of the required capacity. Additionally, we provide a
formulation and results for k-connectivity. Furthermore, the
applied methods have been extended (including column
generation) in order to be able to solve the more complex
optimization problems within reasonable computational
time for networks with a significant number of nodes.
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2.2. Linear Optimization. Linear Optimization is a relatively
young field. Although Fourier studied linear inequalities at
the beginning of the 19th century, Linear Programs (LPs)
began to attract widespread attention with the development
of the Simplex Method by Dantzig in 1947 to solve military
planning problems. (A verbose introduction to Linear Programs and the basic Simplex Algorithms can be found in
[20]. More recent introductory texts are in [21, 22] while [23]
oﬀers a comprehensive overview of the field). A further boost
in popularity was fueled by the availability of well performing
and easy to use LP solvers such as ILOG CPLEX [24].
In addition to pure LP solvers, implementations of
branch-and-bound algorithms to solve LPs with integer
variables, so-called Integer Linear Programs (ILPs) or Mixed
Integer Programs (MIPs), have become available, with ILOG
CPLEX being again a high-performance commercial solution
and SCIP developed by the Zuse Institute Berlin [25] oﬀering
more flexibility for advanced solution methods, like column
generation or branch-and-cut.
The use of LPs in the context of network planning problems has a long and both scientific as well as commercially
successful history (for an overview of standard network
planning problems, formulations, and solution methods, we
refer to [26]). Outstanding examples are capacity planning
for fixed-networks [27] and radio network planning in GSM
networks [28, 29]. Due to the sheer size of real-life problems
(the necessary number of variables and constraints), the
application of problem-specific solution algorithms such as
column generation [30], Bender’s decomposition [26, page
192ﬀ], and branch-and-cut [31] gained considerable attention in the optimization community.
One of the most important properties of MIPs is
information about the solution quality; that is, an optimal
solution is a provable optimum in the mathematical sense.
However, if an optimum could not be found (e.g.; due to
time limitations), a solution gap between valid lower and
upper bounds would be provided. This feature makes MIPs
an extremely valuable tool for benchmarking heuristics and
gaining provable knowledge about network properties as we
will show in this paper.

3. Network Model
This section covers our network model which comprises the
spatial node distribution, the wireless channel model, the
link model, and the adaptive antenna model. Additionally,
we briefly discuss connectivity measures and their relevance.
3.1. Node Placement. We consider random network topologies, generated by placing n nodes randomly in a twodimensional system area of size (1000 m)2 . We are specifically
interested in inhomogeneous node distributions because
they are more realistic than homogeneous distributions and
also more challenging with respect to connectivity. For
this purpose, we first determine five cluster centers. The
positions of the cluster centers are randomly chosen from a
uniform distribution within the system plane. The n nodes
are then split evenly among the cluster centers. Finally the

3

node positions are chosen according to a spatial Gaussian
distribution relative to the respective cluster center. The
standard deviation of the Gaussian distribution is 10% of the
area length.
3.2. Wireless Channel. We describe the wireless channel by
the distance dependent path gain between transmit and
receive antennas. We do not consider fast or shadow fading.
Therefore, we assume a modified free space path loss model
with attenuation exponent a. Thus, the received power at the
receiver n2 of a given link ln1 ,n2 can be expressed as










pr = pt · g γn1 · g γn2 ·

λ
4π · dn1 ,n2

2 

a−2

d0

, (1)

dn1 ,n2

where pt is the transmission power, λ is the carrier wavelength (center frequency of the band used for transmission),
dn1 ,n2 is the distance between n1 and n2 , and d0 is a
reference distance. The factor g(γn1 ) is the antenna gain of the
transmitter n1 in the direction of the receiver n2 , and g(γn2 )
is the antenna gain of n2 in the direction of n1 .
With the reference distance of d0 = 1 m, the received
signal power pr can now be written as










pr = pt · g γn1 · g γn2 ·

λ
4π

2 

1

a

(2)

dn1 ,n2

for readability reasons, we ommit the 1/m multiplications
necessary to remove the unit metres.
Moving to the dB-domain, the received signal power level
becomes








Pr = Pt + G γn1 + G γn2 + 10 · log




λ
4π

2

(3)

−a

+ 10 · log dn1 ,n2 ,
with upper case variables denoting logarithmic scale. For
the numerical results provided in this paper the attenuation
exponent is chosen as a = 3.
3.3. Adaptive Antenna. We assume that each node in our
network is equipped with an array of antennas, which can
be used for adaptive beamforming. Specifically, we consider
Uniform Circular Array (UCA) antenna configurations and
maximum gain phase-shift beamforming; that is, the phase
shift between neighboring antenna elements is chosen such
as to maximize the antenna gain in a given direction. This
type of beamforming applied to a UCA typically produces a
single mainlobe and a number of sidelobes with significantly
lower gains. Figure 1(a) illustrates the antenna gain of such a
phased array with a circular arrangement of eight antenna
elements, as a function of the angle in a two-dimensional
plane. The antenna elements are modeled as ideal isotropic
point radiators.
The resulting beamforming patterns are appropriate for
simulative analysis. However, in this work it is our goal
to optimize the connectivity in our network and for this
purpose we are striving to formulate the problem as a Mixed
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Figure 1: Antenna patterns.

Integer Linear Program (MIP). This would be extremely
diﬃcult for antenna patterns as in Figure 1(a).
Therefore, we require an antenna model, which is simpler
and more abstract but still reflects the main characteristics of
a realistic antenna pattern. A perfect fit to these requirements
is the so-called keyhole model, which is commonly used in
the literature (e.g., by [32]). Within this model, the gain
pattern is described by an angular range with high antenna
gain GM (main lobe), and a low antenna gain GS in the
remaining directions (Figure 1(b)). GS models the side lobes
of a realistic antenna.
It can be argued that the fixed sidelobe level of the
keyhole pattern does not reflect the fact that realistic beampatterns have distinct nulls between the lobes. This means
that in a real system communication in this null directions
will hardly be possible, even if the nodes are very close. A way
to acknowledge this within the usage of the keyhole pattern
would be to set the sidelobe gain to zero. However, this seems
to be too extreme since in this case two nodes can only establish a link, if both main lobes are steered towards each other.
A more moderate approach is to choose the sidelobe gain GS
low enough (however, not zero in linear notation), such that
links will hardly be established between nodes which are both
steering away from each other, even if they are close together.
We choose to apply the latter approach. Throughout this
paper, we assume GM = 10 = 10 dBi within an antenna aperture of α = 30◦ , and GS = 0.1 = −10 dBi outside the aperture. (It should be noted that Figure 1(b) depicts an example
pattern with diﬀerent parameters than used for our investigations, just for illustration of the typical keyhole shape.)
With those parameters, links between nodes which are both
steering away from each other can only be established if the
nodes are very close and we find from our numerical results
that these cases are very rare. The fact that we are not completely eliminating this case, however, seems to be justified.
From simulative investigations of connectivity with realistic
beamforming we find that sometimes indeed links are
established through sidelobes on either side (see, e.g., [13]).
3.4. Wireless Link. In order to determine the connectivity in
a given network, we assume that a signal can be decoded,

and thus a link can be established, if the received power Pr
exceeds a receiver-dependent minimum signal power level
Pr,min . Therefore, two nodes will be within communication
range if the following link budget inequation is fulfilled:








0 ≤ Pt + G γn1 + G γn2 − PL,n1 ,n2 − Pr,min .

(4)

In (4) we used the logarithmic path loss, which is defined as


PL,n1 ,n2 = −10 · log

λ
4π

2


− 10 · log dn−1a,n2 .

(5)

With (4) and (5) we can now express the maximum
communication range dr for given angles γn1 , γn2 and
respective antenna gains G(γn1 ), G(γn2 ) as
2

dr = 10(1/10·a)·(−Pr,min +Pt +G(γn1 )+G(γn2 )+10·log (λ/4π) ) .

(6)

Using this expression, we calculate the largest possible
distance dmax of two nodes, which are still able to communicate (both keyholes pointing to each other)
2

dmax = 101/10·a·(−Pr,min +Pt +2GM +10·log (λ/4π) ) ,

(7)

whereas two nodes being not farther away than dmin will be
always able to communicate according to our keyhole model
2

dmin = 101/10·a·(−Pr,min +Pt +2GS +10·log (λ/4π) ) .

(8)

In our network model, we assume that all nodes apply the
same antenna pattern for both transmission and reception.
Together with the channel model, this yields symmetric, that
is, bidirectional links in our system.
3.5. Connectivity. The focus of our work is on the connectivity of the network. The connectivity is an important property
because it describes the reachability of the nodes in the
network. A classical communication network will always be
planned such that each node pair can communicate, that is,
is connected. Ad hoc networks cannot be planned and therefore full connectivity cannot be guaranteed; consequently
some or many node pairs cannot communicate. Obviously

EURASIP Journal on Wireless Communications and Networking
we would like to minimize the number of node pairs that are
unable to communicate by means of connectivity shaping.
An appropriate measure for the connectivity of a given
network is the path probability Ppath . It is defined as the
probability that any randomly chosen node pair in the
network can establish a multihop path between them. In a
network of N nodes the path probability is computed as
Ppath

2npath
=
,
N(N − 1)

5
y

γn2

Node n2

G(γn1 )

G(γn2 )
βn1 ,n2

(9)

where npath is the number of node pairs in the network that
can establish a multihop path between them. The network is
connected if and only if Ppath = 1. The goal of connectivity
shaping is to maximize Ppath . Once we have shaped the
connectivity of our network, common MAC and routing
protocols can be applied, operating on top of the given
connectivity graph. Since we are dealing with connectivity
shaping only, interference does not play a role in our model.
Parallel transmissions generating interference in the network
will depend on traﬃc demands at a certain time instant
and the respective protocols for MAC and routing. However,
regardless which type of communication protocols will be
applied, a maximized path probability will always be desired,
as discussed above.
However, often it will be possible to connect the network
(Ppath = 1) with many diﬀerent realizations of antenna
directions. In these cases we have the freedom to optimize
additional objectives on top. Specifically, we will discuss
three additional properties which will be incorporated in our
optimization model as described in Section 4:
(a) maximal average node degree,
(b) minimal average node degree,
(c) minimal average path length (in terms of hop
counts).
These objectives are not as generally useful as the path
probability. Therefore, we will discuss briefly under which
traﬃc assumptions which of them can be beneficial. (a)
Maximal average node degree: in a low load scenario with
large packet interarrival times, interference will not be a
major issue, since parallel transmissions in closeby nodes are
unlikely. In this case high node degrees can help against path
breaks. Additionally, high node degrees can help broadcast
messages to be flooded through the network with fewer
steps and thus faster. (b) Minimal average node degree:
in a high load scenario interference plays a major role.
Each transmission will cause major interference at each
direct neighbor, amounting to high interference levels at
each node. Under this assumption, a lower node degree
seems to be beneficial. (c) Minimal average path length: in
a homogeneous traﬃc scenario, in which we have traﬃc
demand for each node pair with a similar likelyhood,
minimizing the average number of hops will be beneficial
for end-to-end delay. It also minimizes the average number
of required channel uses (necessity to access the channel),
which will help to reduce the number of failed MAC attempts
due to collisions on the medium. The minimal average path

γn1
Node n1
x

Figure 2: Example configuration.

length is achieved within the optimization framework by
minimizing the used capacity, which will be introduced as
part of the optimization model in Section 4.

4. Optimization Model
4.1. Link Indication. Inspecting (3) and (4) closely shows
that the existence of a link between two nodes depends
on the distance dn1 ,n2 between them and their antenna
orientations γn1 and γn2 in relation to the angle βn1 ,n2 between
them. Figure 2 shows an example configuration. We have to
distinguish three cases.
4.1.1. Always in Range. If two nodes are so close that,
regardless of the orientation of their main lobe, a link
between them will exist, we can set ln1 ,n2 = 1 without further
computation (dn1 ,n2 < dmin ). This will be the case if and only
if dn1 ,n2 is so small that even the low antenna gain GS at both
nodes is suﬃcient to compensate for the path loss between
them.
4.1.2. Out of Range. The other extreme is two nodes being so
far apart that, not even by pointing their main lobes at each
other and thus amplifying the signal with the highest possible
gain, the signal power level at the receiver Pr will exceed Pr,min
(dn1 ,n2 > dmax ). In this case, we can set the according link
variables to zero or simply drop them completely from our
problem formulation.
4.1.3. In Range in Case of Proper Steering. The most important case to take into consideration for our optimization
problem will occur, if the existence of a link depends on the
steering γ of the main lobes of the two nodes (dmin ≤ dn1 ,n2 ≤
dmax ). Given the aperture α, the locations of the two nodes,
and the angle βn1 ,n2 between them, we have to distinguish
three cases for which the signal is amplified by the high gain
GM at node n1 due to the angle discontinuity at 0 and 2π.
Therefore, G(γn1 ) = GM holds, if and only if
(i) for α/2 ≤ βn1 ,n2 ≤ 2π − α/2,
γn1 ≥ βn1 ,n2 −

α
2

α
γn1 ≤ βn1 ,n2 + ,
2

(10)
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(ii) for 2π − α/2 ≤ βn1 ,n2 ≤ 2π,
γn1 ≥ βn1 ,n2 −

α
2

α
γn1 ≤ βn1 ,n2 − 2π + ,
2

(11)



(iii) for 0 ≤ βn1 ,n2 ≤ α/2,
γn1 ≥ βn1 ,n2 −

α
+ 2π
2

α
γn1 ≤ βn1 ,n2 + .
2

(12)

α
+ 1,
2
α
= −γn1 + βn1,n2 + + 1.
2

an1 ,n2 = γn1 − βn1 ,n2 +

(13)

an1 ,n2 and a
n1 ,n2 will then be used to set two binary
variables bn 1 ,n2 and bn1 ,n2 to zero, if an1 ,n2 ≥ 1 and a
n1 ,n2 ≥ 1,
respectively. This is achieved by the following constraints.
Obviously this could have been done in one single step
without the use of the variables an1 ,n2 and a
n1 ,n2 . We will
use these variables as a notational convenience to influence
the link setup. The performance penalty for our MIP is
negligible, because even simple presolvers are able to change
the necessary expressions:


α
−βn1 ,n2 +
· bn 1 ,n2 − an1 ,n2 + 1 ≤ 0,


2



α
−2π + βn1 ,n2 +
· bn1 ,n2 − a
n1 ,n2 + 1 ≤ 0.
2

(14)

Equation (10) requires both of its inequalities to be
fulfilled at the same time. If this is the case, the main lobe
of n1 will point into the direction of n2 , which we once
more indicate by a binary variable bn1 ,n2 . It will become 1 in
the following constraint, if and only if both inequalities are
fulfilled, that is, bn 1 ,n2 = bn1 ,n2 = 0, and zero otherwise
bn1 ,n2 ≤



Pt − Pr,min − PL,n1 ,n2 + 2 · GS le

Using the first case (10) as an example, we will show in
the following how to set up a set of inequalities to formulate a
conditional link budget with binary indicator variables which
finally depend on the antenna orientation γ. For notational
convenience, we construct a graph G(N , E ), where an edge
e ∈ E exists for every possible link between any node-pair
e := {n1 , n2 } ⊂ N (i.e., the first and the last case). For
the optimization problem, we choose binary link variables
le to indicate whether a link between n1 and n2 is established
(le = 1) or not (le = 0). Since we assume symmetric antenna
configurations (i.e., sending and receiving lobe cannot be
steered individually), it is suﬃcient to consider undirected
edges.
First, we introduce two continuous variables an1 ,n2 ∈] −
βn1 ,n2 + α/2 + 1, 2π − βn1 ,n2 + α/2 + 1] and a
n1 ,n2 ∈] − 2π +
βn1,n2 +α/2+1, βn1,n2 +α/2+1] for the first and second part of
(10), respectively. Using the following equalities, an1 ,n2 ≥ 1,
indicates that we meet the first part of (10), whereas a
n1 ,n2 ≥
1 indicates the same for the second part

a
n1 ,n2

In a similar way, we formulate constraints for the
inequalities (11) and (12) which are stated in the appendix.
Finally, this allows for a conditional formulation of the link
budget (4):

1 
1 
· 1 − bn 1 ,n2 + · 1 − bn1 ,n2 .
2
2

(15)

+ bn1 ,n2 · (GM − GS ) + bn2 ,n1 · (GM − GS ) ≥ 0.

(16)

This constraint describes the possible configurations of a
node pair by either taking the high gain GM or the low gain
GS at the nodes into account, depending on the orientation
of their main lobes. Consequently, the binary link indicator
variable le for a connection between n1 and n2 can only be
set to 1, if the link budget is suﬃcient and has to be zero
otherwise.
Note that in the end, the value of the le ’s and subsequently
the associated indicator variables determine the steering γ of
the main beam of the nodes. Our model was developed in a
bottom-up manner here. In contrast, during the upcoming
optimization, the values of γ will be determined top-down,
by requiring certain links to be established in the solution.
4.2. Optimization Goals. In this section, we will formulate
a variety of optimization goals on top of the previously
described network model.
4.2.1. Node Degree. One of the first applications of the
optimization model developed above was a benchmark
for the MNDB heuristic [17]. As this heuristic tries to
maximize the node degree, our first cost function is a simple
maximization of the number of links
le .

max
e∈E

(17)

4.2.2. Connectivity. One of the most obvious questions
arising from a given scenario as described in Section 3.1
is whether a steering configuration of the beamforming
antennas exists, so that the network is connected. Despite
the simplicity of the question, this cannot be answered via
readily available algorithms. Furthermore, in cases where full
connectivity is not possible, the highest path probability is of
similar interest.
In order to answer this question, we introduce a demand
set D with a demand Dd = 1, for all d ∈ D for every node
pair {ns , nt } ⊂ N (i.e., a fully meshed demand matrix).
Using a node-link flow-formulation, we use flow-variables
fnd1 ,n2 ∈ R+0 denoting the flow for a given demand d on a
link between nodes n1 and n2 . Quite obviously, this very link
has to be existing; that is, the link-indicator value le from the
previous section has to be 1

d ∈D

fnd1 ,n2 ≤ le · |D |,

∀{n1 , n2 } ⊂ N .

(18)
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A demand d will only be satisfied, if and only if the sum of
the outgoing flows from the source node of the demand ns is
as large as the demand Dd :

n2 ∈Nns

∀d ∈ D,

fnds ,n2 = Dd ,

(19a)

where Nns represents the set of adjacent nodes of ns .
Similarly, the sum of all incoming flows for the demand d
at the target node nt has to be as large as Dd as well
n1 ∈Nnt

∀d ∈ D.

fnd1 ,nt = Dd ,

n1 ∈Nn

−
n2 ∈Nn

d
fn,n
2

= 0,

purposes it is not necessary to diﬀerentiate between demands
originating from one source node ns , hence we simplify our
demand set D, by aggregating the demands for one source
ns , that is, we have a d ∈ D  for every node ns ∈ N and
Dd = |N | − 1. It is worth noting however, that it is not
suﬃcient to generate demands from one single node to all
remaining nodes, since this one node could reside within an
island. In this situation the resulting antenna configuration
would only aﬀect nodes reachable within the same island.
With this modification we only need one source constraint
per source node, namely,

(19b)

In any other (intermediate) node n, all incoming flows have
to be as large as the outgoing flows for this demand (flow
conservation), which follows the philosophy of Kirchhoﬀ ’s
current law, namely,
fnd1 ,n

7

∀n ∈ N \ {ns , nt }, ∀d ∈ D.

n2 ∈Nns

fnds ,n2 + δd = Dd ,

∀d ∈ D.

(22a)

However, since all nodes in N are also sinks, the flow
conservation and target node constraint are merged to
n1 ∈Nn

fnd1 ,n −

n2 ∈Nn

d
fn,n
+ δd = 1,
2

∀n ∈ N \ {ns }, ∀d ∈ D,

(22b)
(19c)

It is worth noting that the constraints above can only
be fulfilled if and only if the network can be connected.
Since this can be by no means guaranteed, we keep the
set of constraints feasible, by adding a so-called dummy
variable δd ∈ R+0 to the sink and source constraints, which
consequently are transformed to

n2 ∈Nns

n1 ∈Nnt

fnds ,n2 + δd = Dd ,

fnd1 ,nt + δd = Dd ,

∀d ∈ D,
∀d ∈ D.

(20a)
(20b)

No changes to the flow conservation constraint (19c) are
necessary, because zero-valued flow variables will always
meet this constraint. Our objective is to satisfy as many
demands as possible without using the dummy variables δd
δd .

min
d ∈D

(21)

Solving the presented MIP now causes the MIP solver to
minimize the number of dummy variables with nonzero
values, that is, by using the flow-variables. However, the flowvariables fnd1 ,n2 can be used if and only if the associated linkindicator variables le are set to 1, which in return requires a
suitable antenna configuration.
An interesting possibility of this formulation is, to gain
a k-connected steering configuration, by imposing an upper
limit of 1 to the flow-variables ( fnd1 ,n2 ∈ [0; 1]) and increasing
the demand per node pair Dd to k.
While the presented formulation will gain the desired
result (a network with the highest possible path probability),
we are able to improve the performance (i.e., solution time
and memory consumption) of the formulation notably by
reducing the number of variables and constraints. For our

which means that a demand of 1 has to end at every node
(with the exception of ns ) for every demand d.
Connectivity and Auxiliary Constraints. Close inspection of
the computational results of the MIP formulated above
reveals that in many of our scenarios, a larger number of configurations exist, which share the same degree of connectivity. Consequently, we can formulate additional optimization
goals to further diﬀerentiate among these solutions.
(a) Used Capacity Minimization. We introduce a new
variable un1 ,n2 ∈ R+0 which will measure the capacity
necessary on a link between n1 and n2 , if we add the following
constraint:
d ∈D

fnd1 ,n2 ≤ un1 ,n2 ,

∀{n1 , n2 } ⊂ N

(23)

to our MIP. Extending the objective function by the total used
capacity and weighting the dummy variables with C
⎛

⎞

min⎝C ·

un1 ,n2 ⎠

δd +
d ∈D

(24)

{n1 ,n2 }⊂N

will minimize the number of used dummy variables (i.e.,
maximizing the path probability) and then minimize the
used capacity in the network if C is chosen arbitrarily high.
An obvious minimal value of C would be, for example, the
number of links in the network; that is, using a capacity of
1 on a dummy variable would be as expensive as using the
same capacity on every link in the network. Since all our
established links oﬀer suﬃcient capacity to accommodate all
demands, demands will flow along the shortest possible path
to consume as little capacity as possible (i.e., 1 on every edge
their path traverses). Consequently, we minimize the average
shortest path length as discussed in Section 3.5. Naturally,
a solution of this MIP will also be a valid solution for the
previous “pure” model.
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(b) Number of Links. Depending on the specific scenario
Section 3.5, it could be desirable to either maximize the
number of links in order to ensure a densely meshed network
or to minimize the number of links (to reduce interference),
which can be achieved by another extension of the objective
function
⎛

⎞

min⎝C ·

le ⎠ .

δd + B ·

(25)

e⊂E

d ∈D

Again, we choose C arbitrarily high, so that the path
probability remains the primary objective. Setting B to
−1 will maximize the number of links while ensuring
connectivity. In contrast, setting B = 1, the MIP solver
will minimize the number of active links. Due to the use of
inequalities hower, this is not suﬃcient to force the solver to
steer keyholes away to prevent the creation of links.
4.3. Large-Scale Optimization Methods. During the addition
of the auxiliary constraints however, performance problems
of the node-link formulation became apparent. The large
number of variables and constraints even in the more
compact formulation in combination with the auxiliary constraints and relatively weak LP bounds makes the problem
very hard to solve; in some cases we were not able to
solve the 30-node scenario up to a reasonable optimization
gap (e.g., 5%) within two days. In order to overcome this
limitation we changed our formulation to the so-called pathapproach which allows the use of problem-specific, largescale optimization methods, such as in our case column
generation.
4.3.1. Path-Flow Formulations. Instead of considering the
node-link flows, we now introduce the notion of path-flows
on top of our network model. A path-flow variable fd,p ∈ R+0
denotes the flow (i.e., amount of traﬃc) for a demand d
along a path p. Satisfying a demand d therefore requires the
flow along all paths p ∈ Pd to be at least as large as the
demand Dd
∀d ∈ D.

fd,p + δd ≥ Dd ,

[πd ]
p∈Pd

(26)

The demand set D is created similarly to the previous section, a fully-meshed demand set with Dd = 1, for all d ∈ D.
The used capacity constraint of paragraph Section 4.2.2(a)
can be rewritten accordingly to
fd,p ≤ ue ,

[σe ]

∀e ∈ E .

(27)

d ∈D p∈Pd :
e∈ p

Again, in order to be usable for a path using a link from node
n1 to n2 , the corresponding link indicator variable le has to
be 1
ue ≤ D · le ,

∀e ∈ E .

(28)

The drawback of this approach is quite obvious. In order
to guarantee optimality, we have to precompute all possible
paths and create a path-flow variable fd,p , which generates a
huge number of variables.

4.3.2. Column Generation. Analysis of existing solutions
however reveals that only a small fraction of all possible
paths will be used in the solution; that is, only a very
limited number of path-flow variables have nonzero values.
As we can leave out zero vectors from our solution space,
without losing optimality, we could start our optimization
with exactly this (smaller) set of variables and would still
obtain the same solution.
The mathematical methodology to exploit this situation appeared implicitly in the Dantzig-Wolfe-Decomposition
[33]. This principle of (delayed) column generation. In
the standard matrix-vector notation of MIPs, variables
correspond to columns in the coeﬃcient matrix, hence the
name was explicitly applied in [34, 35] for the cutting-stockproblem. In cutting-stock problems, a single stock (paper,
fabric, etc) which comes in one width has to be cut according
to customer specifications with minimal waste.
In column generation the path-flow formulation above
with all possible paths is called Master Problem (MP).
We start our optimization with a restricted master problem
(RMP), with a very limited number of path variables, the
only requirement being, that the MIP is feasible (which in
our case is true without any of the path-flow variables due
to the dummy variables). Our task is now to find variables,
or in other words paths, which will improve the current
solution, that is, gain a “better” solution once we resolve the
program with the new additional variables. We solve this socalled pricing problem by inspection of the dual system. The
dual system can be easily constructed by using Lagrangean
Relaxation [22, page 140ﬀ]. For this, we associated every
primal constraint with exactly one variable (denoted in
angular brackets in (26) and (27)). Since every variable in the
primal system (the RMP denoted above) is associated with
exactly one constraint in the dual, we acquire the following
constraints for the variables in question (namely, fd,p ):
πd −

σe ≤ 0,
e∈ p

∀d ∈ D, ∀ p ∈ Pd .

(29)

Now every primal variable not (yet) in the solution base,
which would improve the solution, will violate this dual
constraint. We can easily acquire the value of the dual
variables in most modern LP solvers without any additional
overhead, because they employ a refinement of the original
simplex algorithm, the dual-simplex algorithm. Hence our
task of finding improving variables consists of finding those
paths for every demand d, which would violate the previous
constraint. Due to the structure of our MP, both πd ∈ R+0 as
well as σe ∈ R+0 . With this, we can view our task as a shortest
path problem: find the shortest (cheapest) path with linkweights σe . This problem can be solved in polynomial time by
Dijkstra’s algorithm [36]. If the total cost is smaller than πd ,
this path will improve the solution, otherwise no improving
variables for demand d exist. After this we will resolve the
new RMP (with additional paths) and repeat the path search
until no improving variables can be found any more, which
means that we have found the optimal solution.
It is important to note however that our problem
contains integer variables which implies that we have to

EURASIP Journal on Wireless Communications and Networking

(a) MNDB

9

(b) Maximum sum node degree

Figure 3: 40-node example network.

run the column generation algorithm in every node of the
branch-and-bound tree [37], stressing the importance of an
eﬀective pricing algorithm.

5. Case Study
In the following, solutions from the optimization will be
depicted and an evaluation of the computational performance will be presented. The previously described model
was implemented using SCIP 1.1 [25] with CPLEX 9.13 [24]
as LP-solver backend. The same tools were employed for a
flow-based approach [18] which was used as reference for the
performance evaluation. We will discuss some distinct results
for specific scenarios first. This can give some insight into the
diﬀerent properties of the discussed optimization objectives.
Subsequently, we present numerical results on the path probability averaged over 100 random scenarios. In both cases
we compare the results of the optimization to a distributed
heuristic, namely, Maximum Node Degree Beamforming [15].
Three speciﬃc node scenarios are considered which diﬀer
in the number of nodes: n = {30, 40, 50}. Each scenario is
randomly generated as described in Section 3.1.
5.1. Node Degree Maximization. Let us begin with the maximization of the sum node degree. The motivation for the
sum node degree optimization was to find a bound which can
be used to assess a specific heuristic beamforming approach,
namely, Maximum Node Degree Beamforming (MNDB).
The MNDB algorithm has been proposed in [15] and was
developed to allow for connectivity shaping in a distributed
decentralized manner. In MNDB, each network node starts
by performing beam sweeping, determining the number
of neighbors in each direction by means of overhearing
periodical beacons. The sweeping is performed in discrete
steps of γsweep degrees. Once the full 360◦ have been sampled,
the node chooses the beamdirection, in which the maximum
number of neighbors is seen. Obviously, MNDB attempts to
maximize the local node degree. The idea behind MNDB was

clearly to make use of the connection between the minimum
node degree and the connectivity which could be proven for
geometric and pure random graphs by Penrose in [5, 6].
For our 40-node example network, the result of MNDB is
depicted in Figure 3(a). As a comparison, the network with
maximized sum node degree is shown in Figure 3(b). It
can be seen that even though the MNDB already provides
good connectivity. In [15] it could be shown that MNDB
in fact significantly improves the connectivity as compared
to Random Direction Beamforming (RDB) and even more
compared to omnidirectional antennas. The optimized network shows better connectivity. However, looking at the
resulting connectivity in both cases in Figure 3, we observe
disconnected clusters, which obviously is unfavorable.
5.2. Path Probability Maximization. While the node degree
maximization is specifically interesting to assess MNDB,
we should bear in mind that performance measures like
connectivity or path probability are much more important
for the functionality of an ad hoc network. Therefore, we
are interested in optimized results for such properties, in
order to be able to assess the performance of distributed
realistic algorithms. The most important measure is the
connectedness of the network. If the network is connected, all
participants can communicate with each other. If a network,
due to its node distribution cannot be fully connected,
we prefer the path probability to be as high as possible.
Therefore we choose path probability maximization to be
our prime optimization criterion. For networks with a
relatively high node density, many solutions exist that yield
a connected network. This leaves room to include additional
optimization goals that can further improve the network
performance in practice. (Note that the results obtained from
the optimization with additional criteria are valid for pure
path probability optimization also.)
Figure 4(a) depicts an optimized result for the 40-node
scenario which was achieved by path probability maximization. It can be seen that the resulting network is connected.
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Figure 4: 40-node example network.
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Figure 5: 50-node example network.

5.2.1. Auxiliary Objectives. (a) Node Degree Maximization.
The depicted solution in Figure 4(a), however, is just one of
many solutions yielding full connectivity. A diﬀerent solution
achieving a connected network is shown in Figure 4(b).
This network configuration is obtained, when in addition
to the prime optimization goal of path probability maximization, the additional goal of node degree maximization
is considered in the optimization model as described in
Section 4.2.2(b). Note that node degree maximization comes
at the expense of higher interference, but results in a network,
which is more robust against node failures inside the clusters.
(b) Capacity Minimization. Another desirable objective
in order to improve network throughput is the minimization
of packet collision probability on the MAC level. This

can be achieved by minimizing the used capacity in our
optimization model following Section 4.2.2(a), which yields
a connected network with minimum total hop count. This
minimizes the number of channel access attempts and
thus the MAC level collision probability. Figures 5(a) and
5(b) show the optimization results for a 50-node example
network, comparing pure path probability maximization to
used capacity minimization as additional objective.
(c) 2-Connected Network. Finally, we present an optimization result for the 30-node network scenario. In this case
the optimization objective is to achieve two edge-disjoint
paths between any node pair in the network. As can be seen
from Figure 6, this yields a 2-connected network, increasing
the robustness.
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Figure 6: Path probability optimization for 2-connected network.
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5.3. Statistical Analysis. In addition to the specific examples
discussed previously, we have also obtained numerical results
for 100 diﬀerent random scenarios, each with 30 nodes.
We discuss the results with respect to the path probability,
our prime objective. Figure 7 compares the path probability
averaged over all scenarios obtained with MNDB and with
optimization over the transmit power, which is varied
between 16 dBm and 20 dBm in steps of 1 dBm.
In both cases the obtained path probability grows with
increased transmit power, as expected. It can also be seen
that the MNDB approach on average gives results which
are far from the optimum. This is due to its limitation to
local information and local measures (local node degree).
Specifically in these relatively sparse scenarios with only 30
nodes, often clusters can only be connected if nodes from
both clusters cooperate and steer their beams towards each
other, as MNDB is not able to support systematically.

Figures 8 and 9 depict the path probability for both,
optimization and MNDB for each scenario for the case of
transmit powers of Pt = 20 dBm and Pt = 18 dBm, respectively. It can be observed that the achievable path probability
heavily depends on the specific scenario realization. Also
the gap between MNDB and the optimum varies strongly
between the diﬀerent scenarios. In fact, in some cases MNDB
is able to generate a connected network, hence achieving the
optimum.
From the 100 investigated random scenarios, we also
generated CDF plots for the path probability. These plots
additionally contain the results in terms of path probability in case the optimization model is used to maximize
the average node degree, only. Inspecting Figure 10 (Pt =
20 dBm) and Figure 11 (Pt = 18 dBm), we observe a huge
gap between path probability optimization and MNDB,
encouraging additional research eﬀorts for improved local
heuristics. Even the optimization of the average node degree
achieves a better path probability with respect to the MNDB
heuristic. However, the performance gap between MNDB
and average node degree optimization is relatively small.
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Table 1: Performance data.
30 nodes

Path probability maximization Flow approach

40 nodes

Path approach

Flow approach

50 nodes

Path approach

Flow approach

Path approach

Solving time

58 s

> 1440 min

2 min 19 s

> 1440 min

8 min 32 s

101 min 24 s

LP iterations

161 000

> 3 060 000

188 000

> 25 400 000

110 000

352 000

Maximum memory usage

89 MB

> 885 MB

143 MB

> 1670 MB

497 MB

158 MB

Solving time

69 min 19 s

21 min 37 s

> 1440 min

69 min 34 s

> 1440 min

775 min 30 s

LP iterations

205 000 000

732 000

> 217 000 000

944 000

> 13 700 000

2 630 000

171 MB

107 MB

> 9800 MB

182 MB

> 522 MB

296 MB

Solving time

n/a

> 1440 min

n/a

353 min 37 s

n/a

399 min 41 s

LP iterations

n/a

> 81 300 000

n/a

12 400 000

n/a

21 700 000

Maximum memory usage

n/a

> 453 MB

n/a

336 MB

n/a

287 MB

Node degree maximization

Maximum memory usage

1
0.9
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0
0.2

F(x)

F(x)

Used capacity minimization

0.3
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x
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1

MNDB
Optimization of path probability
Optimization of average node degree

Figure 10: CDF of path probability, comparison of MNDB,
optimization of path probability, and optimization of average node
degree, Pt = 20 dBm.

From this we conclude that aiming at maximizing node
degrees—even if done optimally and though motivated by
Penrose’s theorem as discussed above—will not be suﬃcient
in realistic networks if we want to achieve good overall
connectivity.
With the presented results, we have shown how we can
achieve performance bounds for many diﬀerent connectivity
properties of ad hoc networks. These can serve as a means
to assess distributed connectivity shaping algorithms with
respect to various performance goals. The gap between the
optimization and available or novel heuristics can indicate
how much room there remains for improved heuristics. Our
results show that in fact there is great potential for advanced
heuristics. On the other hand, by inspecting and analysing
optimized results for diﬀerent networks, the optimization
results can also be of help in developing better heuristics in
the future.
5.4. Computational Performance of the Optimization. An
evaluation of the computational complexity, in particular
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0.6
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0.4
0.3
0.2
0.1
0
0.1
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0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x
MNDB
Optimization of path probability
Optimization of average node degree

Figure 11: CDF of path probability, comparison of MNDB,
optimization of path probability, and optimization of average node
degree, Pt = 18 dBm.

execution time and memory usage in Table 1 shows that for
the path probability maximization the classic flow approach
(as presented in [18]) performs better than a path approach
with column generation. The latter was at its most impressive
when it came to additional node degree maximization or
used capacity minimization. Here, it outperforms the flow
approach by far. The 40 nodes and 50 nodes example
networks could not be solved to optimality with the flow
approach within a time limit of 48 hours when additional
objectives were applied. Note that we did not systematically
evaluate the performance of the flow approach for the
used capacity optimization, as tests did not perform very
promising. Performance data was collected on a dual Intel
Xeon X5260 machine with 16 GB of RAM.

6. Conclusion
We have provided an MIP formulation for the optimization
of an array of connectivity criteria for ad hoc networks

EURASIP Journal on Wireless Communications and Networking
with adaptive antennas, by choosing the optimal beamdirections. Providing results for a sample of ad hoc network
scenarios, we could show how much potential still remains
for connectivity and performance improvements of ad hoc
networks with adaptive antennas. We believe that these
performance bounds can be very useful for the research
community interested in further improving the merits of
adaptive antennas in ad hoc networking. By applying a
column generation approach, the computation time for
finding the optimum could be significantly reduced, such
that the optimization of larger networks can now be achieved
in a reasonable amount of time, allowing for fast evaluation
of many diﬀerent network scenarios and objectives. Future
work will focus on finding optimal beampatterns for ad hoc
connectivity.

13


(iii) ∀e = {n1 , n2 } ∈ E : dmin ≤ dn1 ,n2 ≤ dmax
βn1 ,n2 ≤ α/2,

0 ≤

α
− 2π + 1 + γn1 ,
2
α
= βn1 ,n2 + + 1 − γn1 ,
2

dn 1 ,n2 = −βn1 ,n2 +
dn1 ,n2



α
−2π − βn1 ,n2 −
· bn 1 ,n2 − dn 1 ,n2 + 1 ≤ 0,

(A.3)

2



α
−2π + βn1 ,n2 +
· bn1 ,n2 − dn1 ,n2 + 1 ≤ 0,

2

1 − bn 1 ,n2 + 1 − bn1 ,n2 − bn1 ,n2 ≥ 0,
(iv) ∀e ∈ E : dmin ≤ dn1 ,n2 ≤ dmax ,


Appendix



Pt − Pr,min − PL,n1 ,n2 + 2 · GS le

Complete Formulation

+ bn1 ,n2 · (GM − GS ) + bn2 ,n1 · (GM − GS ) ≥ 0,

In this section we provide the complete formulation up to
the link indicator variables le . An edge e ∈ E exists for those
node-pairs {n1 , n2 } ⊂ N , where the distance dn1 ,n2 is smaller
than dmax
(i) ∀e = {n1 , n2 } ∈ E : dmin ≤ dn1 ,n2 ≤ dmax
βn1 ,n2 ≤ 2π − α/2,
an1 ,n2 = −βn1 ,n2 +
a
n1 ,n2 = βn1 ,n2 +



α/2 ≤

with

ue ∈ [0, H] ⊂ R,

α
+ 1 − γn1 ,
2

le , bn1 ,n2 , bn 1 ,n2 , bn1 ,n2 ∈ [0, 1] ⊂ N,


(A.1)

2



2



1
1 
· 1 − bn 1 ,n2 + · 1 − bn1 ,n2 − bn1 ,n2 ≥ 0,
2
2

cn 1 ,n2 ∈ −βn1 ,n2 +




2π −



dn1 ,n2 ∈ βn1 ,n2 +

α
+ 1 − γn1 ,
2

2



α
−4π + βn1 ,n2 +
· bn1 ,n2 − cn1 ,n2 + 1 ≤ 0,

2

1 − bn 1 ,n2 + 1 − bn1 ,n2 − bn1 ,n2 ≥ 0,



dn 1 ,n2 ∈ −βn1 ,n2 +



α
α
+ 1, −βn1 ,n2 + + 1 + 2π ,
2
2


α
α
+ 1 − 2π, βn1 ,n2 + + 1 ⊂ R,
2
2


α
α
+ 1, −βn1 ,n2 + + 1 + 2π ⊂ R,
2
2

cn1 ,n2 ∈ −4π + βn1 ,n2 +

α
+ + 1 + γn1 ,
2



α
−βn1 ,n2 +
· bn 1 ,n2 − cn 1 ,n2 + 1 ≤ 0,

an1 ,n2 ∈ −βn1 ,n2 +
a
n1 ,n2 ∈ βn1 ,n2 +



cn1 ,n2 = βn1 ,n2 − 2π +

(A.5)

fd,p , δd ∈ [0, 1] ⊂ R,



α
−2π + βn1 ,n2 +
· bn1 ,n2 − a
n1 ,n2 + 1 ≤ 0,

cn1 ,n2 = −βn1 ,n2

le = 1,

γn1 ∈ [0, 2π] ⊂ R,



α
−βn1 ,n2 +
· bn 1 ,n2 − an1 ,n2 + 1 ≤ 0,



(v) ∀e = {n1 , n2 } ∈ E : dn1 ,n2 ≤ dmin ,

α
+ 1 + γn1 ,
2

(ii) ∀e = {n1 , n2 } ∈ E : dmin ≤ dn1 ,n2 ≤ dmax
α/2 ≤ βn1 ,n2 ≤ 2π,

(A.4)



α
α
+ 1, βn1 ,n2 − 2π + + 1 ⊂ R,
2
2


α
α
− 2π + 1, −βn1 ,n2 + + 1 ⊂ R,
2
2


α
α
− 2π + 1, βn1 ,n2 + + 1 ⊂ R.
2
2
(A.6)
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1. Introduction
One of the problems with many wireless networks today is
energy consumption, stemming from the fact that modern
radio transceivers are often battery powered, and, hence,
energy is a scarce resource that needs to be conserved as
much as possible. Complexity is another important issue,
since, many wireless network applications require the size
and cost of individual network nodes to be kept at a
minimum. One important example of the above is wireless
sensor networks (WSNs) [1, Chapter 1], that have lately
received considerable attention, both from industry and
academia.
In order to conserve energy, the number of packet
retransmissions in the network should be kept as low
as possible. High packet-loss probability is undesirable,
since it can potentially cause a high number of packet
retransmissions. Another important factor in preserving
energy is the duty cycle of individual nodes. For instance,
recent work on energy consumption in WSNs has shown
that most wireless sensor devices consume almost as much
energy when listening to the wireless channel, or even being

in idle mode, as they do when actively transmitting a packet
[1, Chapter 2]. From this perspective, a synchronized time
slotted medium access (MAC) scheme (TDMA) where nodes
can sleep for extended periods of time seems preferable both
from interference and duty-cycle points of view. However,
interference will still be present if two or more networks,
or “clusters” of nodes, are colocated in close vicinity of each
other.
In the Low-Energy Adaptive Clustering Hierarchy
(LEACH) protocol [2], a TDMA-type MAC scheme tailored
for WSNs is integrated with clustering and routing mechanisms. In LEACH, each cluster chooses a random spreading
sequence that is used locally. This reduces intercluster
interference but also increases the complexity in each node.
Another WSN protocol that uses a TDMA-type MACscheme is the Self-Organizing Medium Access Control for
Sensor Networks (SMACS) protocol [3]. SMACS implements both distributed neighborhood discovery and TDMA
scheduling. In SMACS, all nodes are assumed to know
the time duration of a so-called “superframe”. Many other
TDMA-based MAC mechanisms have been also proposed for
implementation in clusterized networks [4, 5].
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One frequently occurring drawback with MAC design
proposals is that overly simplistic propagation models are
used, for example, not accounting for Rayleigh fading eﬀects.
For instance, channel assignment problem in wireless network is often addressed by modelling the network as directed
graph [6], [7, Section III-A-1], and [8]. This assumption is
not suitable in fading channels where the link gains vary over
time, unless all the instantaneous link gains are frequently
measured and made available to the scheduler, resulting in
much added overhead and complexity.
In this work, we include Rayleigh fading and log-distance
path loss in the system model and propose a TDMAtype MAC mechanism that jointly schedules transmissions
between nodes and cluster heads with the objective to
minimize the average packet error rate (PER), (The packet
error rate is assumed to be equal to the block error rate.
However, in general, they are not equal but closely related.)
that is, to maximize the total network throughput. We
make the assumption that all nodes have a fixed output
transmission power and formulate the scheduling problem
as an integer programming problem, more specifically an
assignment problem.
Similar approaches are taken in [9, 10], where joint
opportunistic power scheduling and rate control problems
are considered. Our work diﬀers from [9, 10], and references
cited therein, on three main points (a) Instead of allowing a
smooth tuning of transmitter output powers, we impose an
on-oﬀ constraint on transmitters. One of the main reasons is
that power consumption is sometimes only weakly correlated
with transmit power [1, Chapter 2]. (b) Instead of the signal
to interference and noise ratio (SINR), we consider the PER
(a nonlinear function of SINR) to be the main optimization
objective. While the PER is a more relevant measure, the
SINR is often preferred in the literature due to the lack of
a tractable analytical solution for the PER for a wide range of
diﬀerent modulations, coding methods, and fading channels
[11]. To overcome this, a closed-form formula for estimation
of the PER in block faded Rayleigh channels in presence
of interference is derived and shown to be highly accurate.
Finally, (c) in order to make the sleep time as long and
uninterrupted as possible, we do not schedule nodes on a
slot-by-slot basis. Instead, we schedule all slots in a frame in
one run of the algorithm such that no node receives more
than one slot.
The remainder of this paper is organized as follows. In
Section 2, we define the network and interference model
and state additional assumptions on the system. The utility
function based on our analytical approximation of PER is
introduced in Section 3. The interference model is later used
in the proposed MAC algorithm, that is derived in Section 4.
The proposed algorithm is analyzed and evaluated through
computer simulation in Section 5, and we conclude the paper
in Section 6.

2. System Model
Let M transceiver nodes and K data sinks be deployed over a
bounded area. The nodes are indexed by integers 1, 2, . . . , M,

and are clustered into K sets {Ci }Ki=1 . Let a frame be an
interval of time divided into W slots, indexed by w ∈
{1, . . . , W }, and let Sw be the set of nodes, one from each
cluster, scheduled for transmission in slot w. If there are
fewer nodes in a cluster than the number of slots in a frame,
“dummy” nodes at infinite distance from all sinks are added
to the cluster. It is worth noting that a very large W may result
in a trivial interference-free schedule where in each time slot
only one real node is scheduled with dummy nodes from
all other clusters. However, setting W arbitrarily large is not
possible in a majority of practical systems as it also results
in a large network delay and a low network throughput. The
problem of how to adjust W and how to select a subset of
nodes when the number of nodes per cluster is larger than
W is not considered here.
Based on these assumptions, each cluster contains exactly
W nodes. In each frame, all W nodes in each cluster are to
be scheduled such that no more than one node from each
cluster is scheduled in a given slot w, and a node can only be
scheduled once per frame. A schedule {S1 , S2 , . . . , SW } that
satisfies these conditions is called a feasible schedule. Each
cluster is assumed to have a dedicated sink node, or cluster
head. Similar to a Bluetooth system [1, Chapter 5], the cluster
head is the receiver of all transmissions from all nodes in
a cluster. The scheduling is performed by a central entity
that is connected to all sinks. While these settings resemble
a cellular network architecture, the scheduling techniques
developed for cellular networks are not applicable here. This
is due to the fact that in cellular networks, power and rate
control are essential part of the scheduling problem. While
in wireless sensor networks, the on-oﬀ power control is
preferred, which results in a fundamentally diﬀerent problem
formulation.
We assume the packet length is fixed, and that all cluster
heads are coarsely synchronized on a packet level, so that
transmissions in a given slot takes place at approximately the
same time in all clusters. However, synchronization errors
among clusters are considered in the numerical evaluations
of the proposed algorithm (Section 5).
2.1. Interference Model. The instantaneous received power
from the node i at sink k is represented by Pi,k and is defined
as
Pi,k = κi,k P i,k ,

(1)

where P i,k denotes the average received power from the node i
at sink k and κi,k models the eﬀect of small-scale fading on the
instantaneous received signal power. The level of mobility of
nodes and the environment are assumed to be such that the
small-scale fading can be modelled as block fading [12] over
a single time slot. The small-scale fading is assumed to be
Rayleigh distributed, hence κi,k is a unit mean, exponentially
distributed random variable. The eﬀects of path loss and
shadowing are captured by P i,k which is assumed to be
slowly varying and available to the MAC protocol either from
models or measurements.
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Γ(k, Sw ) =

κS

PNk +

w

(k),k P Sw (k),k

j ∈Sw , j =
/ Sw (k) κ j,k P j,k

,

(2)

where PNk denotes the (known) thermal noise power at
cluster head k.

3. Utility Function
It is shown in [11] that in an interference free environment,
the PER of block coded packets in block faded Rayleigh
channels can be accurately approximated by a simple SNR
threshold. That is each received packet is considered to be
successful if the instantaneous SNR is above a given threshold
Θ, and lost otherwise. Hence, the PER in the block faded
Rayleigh channels is approximated by [11]


 

Ploss Γ = Pr{Γ < Θ} = 1 − exp



Θ
,
Γ

(3)

where Ploss (Γ) is the PER estimate based on SNR threshold
model and Γ is the average SNR. Similar results for turbo
coded packets are reported in [13].
In this section, we examine if applying a similar method
in presence of interference results in an accurate approximation of PER. In TDMA systems with block fading channels,
SINR is constant during one time slot (if the intercluster
synchronization error is small). Therefore, applying the
threshold method results in
Ploss (k, Sw )
= Pr{Γ(k, Sw ) < Θ}
⎧
⎪
⎪
⎪
⎨
PNk
= Pr κSw (k),k < Θ
+
⎪
P
⎪
Sw (k),k
⎪
⎩

κ j,k Θ

⎫
⎪
⎪
⎪
⎬

P j,k
.
P Sw (k),k ⎪
⎪
⎪
⎭

j ∈Sw ,

j=
/ Sw (k)

(4)
Since all fading coeﬃcients are i.i.d. unit-mean exponential
random variables, we have, as shown in the appendix,




exp −Θ PNk /P Sw (k),k


Ploss (k, Sw ) = 1 − 

j ∈Sw , j =
/ Sw (k)





1 + Θ P j,k /P Sw (k),k

 .

(5)
The accuracy of this model is verified by comparing the PER
for the node-sink link of node m, denoted by P e,m , with Ploss
for the same link. An analytical expression for P e,m can be
obtained by integrating the instantaneous PER over the SINR
variations where the instantaneous PER for node m = Sw (k)
is given by
t

Pe,Sw (k) = 1 −
i=0

⎛ ⎞

1
Pr{η < abscissa}

With these assumptions, the instantaneous SINR for the
packet from node Sw (k) ∈ {Ck ∩ Sw } to cluster head k in slot
w is given by
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Figure 1: CDF of capture model error, η = P e,m − Ploss .

where p(Γ) is the bit error rate at the given Γ and t is the error
correction capability (in number of bit errors). Interested
readers are referred to [14] and references cited therein, for
more information regarding the block error probability of
various coding and decoding methods.
Since the closed-form analytical solution to P e,m is
untractable [11], Monte-Carlo simulation is used in this
paper to estimate P e,m . The required statistics were obtained
through simulations of 200 randomly generated networks.
For each the node-sink link, P e,m is obtained by averaging
over 1000 Rayleigh fading realizations. The other simulation
parameters can be found in Section 5.
In Figure 1, we plot the cumulative distribution function
(CDF) of the diﬀerence η = P e,m − Ploss evaluated for all links
in all networks. We see that, for a correctly chosen threshold,
in this case Θ = 4.82 dB, the error is quite small. We also note
that variations as large as ±2 dB in the threshold increases the
error, but not significantly, and hence the packet-loss model
is not overly sensitive to the choice of threshold.
Finally, we note that the choice of Θ only depends on the
modulation format, that is, BPSK, the receiver architecture,
the packet length, and the properties of the code. The
threshold does not depend on the network configuration and
layout, that is, K, M, and so forth. Hence the threshold can
be decided prior to network deployment, and does not need
to be reconfigured if the network configuration changes. For
methods of finding Θ, interested readers are referred to [11].
To isolate the eﬀect of the proposed Ploss formula, the
reliability, or “utility”, of a link from node Sw (k) to cluster
head k, is defined as Uk (Sw ) = 1 − Ploss (k, Sw ). Adding more
terms to Uk (Sw ) does not change the optimization algorithm
in Section 4 as long as utility of each schedule can be obtained
independently of other schedules.
The global utility of a schedule Sw in slot w is then given
by
K

U(Sw ) =

Uk (Sw ).

(7)

k=1

n


⎝ ⎠ p(Γ(k, Sw ))i 1 − p(Γ(k, Sw )) n−i ,
i

(6)

Note that if Sw (k) is a dummy node, then Ploss (k, Sw ) = 1,
and Uk (Sw ) = 0, that is, dummy nodes are implicitly left
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out from the summation in (7). The inclusion of dummy
nodes in the analysis has some interesting implications. A
cluster will have dummy nodes if it has more time slots than
nodes. The schedule for the dummy nodes then indicates the
best time slots for radio silence in the cluster from a global
network perspective.
The utility function U(Sw ) in (7) does not necessarily
need to consider all clusters. The throughput and its
subsequent optimization from a subset of clusters’ point of
view are obtained by simply removing appropriate terms
from the sum in (7). The implications of this are analyzed
in Section 5. We also emphasize that maximizing the utility
function in (7) is diﬀerent from maximizing the average
SINR. With the utility in (7), increasing the SINR for a node
beyond the point where Ploss ≈ 0 does not increase the
utility significantly. Conversely, the cluster utility does not
change much if the SINR for a node with Ploss ≈ 1 is further
decreased.

4.1. MAC Problem for Two Clusters. Since we assume no
time dependence, the utility function U(Sw ) only depends
on the coscheduled nodes in the slot schedule Sw and
not on the specific slot w. Hence, a permutation of slot
schedules in a global schedule {S1 , . . . , SW } will not aﬀect

the utility W
w=1 U(Sw ). We can therefore arbitrarily choose
any feasible schedule for nodes in, for example, cluster C1 ,
without loss in maximum achievable utility. After fixing
the schedule {Sw (1)}W
w=1 for nodes in C1 in a two-cluster
network, the MAC problem in (8) reduces to the twodimensional assignment problem:
W

U({Sw (1), c2 })ISw (2),c2

max

{S1 (2),...,SW (2)}

w=1 c2 ∈C2

such that
ISw (2),c2 = 1,

∀w ∈ {1, . . . , W },

ISw (2),c2 = 1,

∀ c2 ∈ C 2 .

(A)

(9)

c2 ∈C2
W

4. Medium Access Control

(B2 )

The aim of the proposed Medium Access Control (MAC)
layer is to schedule node transmissions such that the average
probability of a successful packet delivery in the network is
maximized. Due to the assumed slotted MAC scheme, this
will also maximize the network throughput. We define A as
a set of all feasible slot schedules, that is, A = {{c1 , . . . , cK } :
c1 ∈ C1 , . . . , cK ∈ CK }. We also define Am as a set of
feasible schedules where node m has been scheduled, that is,
Am = {a ∈ A : m ∈ a}.
The MAC problem for the K clusters {Ci }Ki=1 and W time
slots is then

W

U(a)ISw ,a

max

{S1 ,...,SW }

w=1 a∈A

such that
ISw ,a = 1,

(A)

∀w ∈ {1, . . . , W },

(8)

a∈A
W

ISw ,a = 1,

(B)

∀m ∈ {1, . . . , M }.

w=1 a∈Am

Here, and throughout the rest of this work, Ia,b is an indicator
function that is unity when a = b and zero otherwise. The W
constraints in (A) ensures that Sw ∈ A, for all w = 1, . . . , W.
That is, Sw is a feasible slot schedule. The M constraints in
(B) ensure that all nodes are scheduled in exactly one slot.
Hence, (A) and (B) are satisfied if and only if {S1 , . . . , SW } is
a feasible schedule.
As the number of nodes and clusters in the network
grows, the complexity of a brute-force solution to (8) quickly
becomes prohibitive. In fact, there are as many as (W!)K
diﬀerent feasible schedules to choose from.

w=1

Unlike the case of a multidimensional assignment problem,
eﬃcient algorithms exist that solve (9) in polynomial time
such as maximum weight matching problem on bipartite
graph [15]. We use the auction algorithm, due to Bertsekas
[16], [17, Chapter 6], briefly described below.
Consider problem (9), where the schedule for nodes in
C1 , that is, {Sw (1)}W
w=1 , is fixed and known. The auction
algorithm for solving this problem is as follows. (a) Envision
the nodes in C2 as objects on sale at an auction, and envision
the slots as buyers at the auction. Initially, the asking prices
{ pc2 }c2 ∈C2 of the objects on sale are set to zero. (b) Let
each slot w successively “place a bid” on the node i =
arg maxc2 ∈C2 {U({Sw (1), c2 }) − pc2 }, that is, the node that
yields the highest net value vi = U({Sw (1), i}) − pi for
slot w. (c) When a node is bid upon, its asking price pi is
raised by vi − zi + β, where β > 0 is a small number, and
zi = maxc2 ∈C2 , c2 =/ i {U({Sw (1), c2 }) − pc2 }, that is, the second
best net value for slot w. The reason for the additional small
increase in price, β, is to prevent ties among buyers, a topic
further discussed in [17]. In this paper we let β = 1/W. (d)
The auction continues until all nodes have received at least
one bid, at which point a solution to (9) has been found.
Although of little consequence for the development here,
it is interesting to note that the auction algorithm is actually
a dual method on its own. It can be shown that when the
auction algorithm terminates, the node asking prices solves
W

min

{ pc2 }c2 ∈C2





sup U({Sw (1), c2 }) − pc2 +

w=1 c2 ∈C2

p c2 ,

(10)

c2 ∈C2

to within any  > 0 of the optimal value ( depends on the
choice of β). This is, in fact, the dual problem to (9), after
relaxation of constraints on nodes in C2 .
For a complete derivation, additional discussions, and
results on the auction algorithm, the reader is referred to
[16], [17, Chapter 6], and references cited therein.
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4.2. MAC Problem for Arbitrary Number of Clusters. It was
noted above that the complexity of a brute-force solution
to (8) grows quickly with W and K. However, if a relaxed
problem, that is, the maximization of a Lagrangian, can be
easily solved, and we also have access to a good method
that converts a solution to the relaxed problem into one
that is primal feasible, then experience with similar types
of combinatorial optimization problems; see, for example,
[9, 10, 17–19], and references cited therein, gives that an
iterative solution of the dual problem often yields a near
optimal, or even an optimal solution to the primal problem.
Hence, the algorithm we propose is an iterative algorithm
similar to one in [18], where each iteration involves the
following three steps. (1) Given a vector of dual variables, a
relaxed version of (8) is solved. (2) A primal feasible schedule
is constructed from the solution to the relaxed problem
and the vector of dual variables. (3) If the obtained primal
solution is found to be unsatisfactory, then the dual variables
are updated, and we iterate again.

5

Hence, for a given vector of dual variables µ, this problem
is a two-dimensional assignment problem which is easily
solved, as was shown in Section 4.1. We note that, to compute
V (2) (w, c2 ), a search over W K −2 slot assignments is necessary.
In the scenarios considered in this work, an exhaustive
search is feasible. However, larger networks may require the
addition of more advanced search methods, such as branch
and bound techniques, further discussed in Section 5.
4.2.2. A Method for Generating Feasible Schedules. When
solving (12), we implicitly obtain a feasible scheduling of
nodes from clusters C1 and C2 . A feasible schedule that
also includes nodes from remaining clusters must now be
generated. In general, a schedule that is feasible for nodes in
C1 , C2 , . . . , Cr −1 , for r = 3, 4, . . . , K, can be extended into one
that is feasible also for Cr by fixing the schedule for nodes in
C1 , C2 , . . . , Cr −1 and then running an auction algorithm for
the nodes in Cr with modified utilities
V (r) (w, cr ) = sup {U({Sw (1), . . . , Sw (r − 1), cr , . . . , cK })
cr+1 ,...,cK


−μcr+1 − · · · − μcK .

4.2.1. The Relaxation Step. We relax constraints on nodes
in C3 , C4 , . . . , CK in (8). Let μc p denote the dual variable
associated with node c p ∈ C p . The dual function is then

After enforcing primal constraints on nodes in all clusters up
to and including CK , a feasible schedule has been generated
from the solution to (11), and we can compute its primal
objective function value using (8).

W

 

q µ =

μ c3 + · · · +
c3 ∈C3

μ cK +
cK ∈CK

sup
{S1 ,...,SW } w =1 c1 ∈C1



···



U({c1 , . . . , cK }) − μc3 · · · − μcK ISw ,{c1 ,...,cK }

cK ∈CK

4.2.3. Algorithm Termination Criteria. By the weak duality
theorem [19, Chapter 6], we have that, for any feasible
schedule {S1 , S2 , . . . , SW }, and any µ,

such that
ISw ,a = 1,

(A)

(13)

∀w ∈ {1, . . . , W },

 

W

q µ ≥

a∈A

(14)

U(Sw ).
w=1

W

ISw ,a = 1,

(B12 )

∀ m ∈ {C 1 ∪ C 2 },

w=1 a∈Am

(11)
where µ ∈ R(K −2)W contains all dual variables. As for
the case of K = 2 in Section 4.1, we can use any
feasible schedule for the nodes in, for example, C1 , without
loss in maximum achievable utility. Let V (2) (w, c2 ) =
supc3 ∈C3 ,...,cK ∈CK {U({Sw (1), c2 , . . . , cK }) − μc3 · · · − μcK }, then
the problem in (11) is equivalent to
 

q µ =

μ c3 + · · · +
c3 ∈C3

μ cK

{Sw (2)}W
w=1 w =1 c2 ∈C2

(12)
ISw (2),c2 = 1,

∀w ∈ {1, . . . , W },

ISw (2),c2 = 1,

∀ c2 ∈ C 2 .

c2 ∈C2
W
w=1



ν∈{0,...,i}

ν∈{0,...,i}

(15)

The diﬀerence minν∈{0,...,i} q(µ(ν) ) − maxν∈{0,...,i} f (ν) is called
the duality gap of iteration i, and it upper bounds the
distance from the so far best found primal objective function
value to the supremum of the primal objective function.
A measure of the quality of the best found solution up to
iteration i is the relative duality gap, given by


V (2) (w, c2 )ISw (2),c2

such that

(B2 )

ν∈{0,...,i}

Δ(i) =

sup

(A)



min q µ(ν) − max f (ν) ≥ f  − max f (ν) .

cK ∈CK
W

+

We denote the optimal primal objective function value by
f  , and the objective function value computed at iteration
ν by f (ν) . Then, at iteration i,



minν∈{0,...,i} q µ(ν) − maxν∈{0,...,i} f (ν)
maxν∈{0,...,i} f (ν)

.

(16)

If we find a primal feasible schedule with a zero, or small,
duality gap, then this schedule is guaranteed to be optimal,
or near-optimal, in (8). On the other hand, if the best found
schedule has a large relative duality gap, for example, Δ = 1,
then we know that a significant increase in the objective
function value could be possible if we continue iterations.
The proposed algorithm terminates when Δ(i) falls below a
threshold (or when a maximum number of iterations have
been exceeded).
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4.2.4. Dual Variable Update Step. If a satisfactory schedule
has not yet been obtained, we update dual variables in µ. We
use the heuristic “price-update” method proposed in [18],
which is loosely based on the subgradient method [19] and
has been shown to perform well for similar problems. We
only give a brief overview of the update method here, and
refer to [18] for the details.
After step (1) in iteration i, a node ck ∈ Ck will be
temporarily “scheduled” in gck slots. Clearly, the scheduling
constraint is only satisfied if and only if gck = 1. In step
(2), the constraints will be enforced, cluster by cluster, by
successive auctions. Let pck be the price of the node ck after
(i)
W
W
the auction. We form three vectors, µ(i)
k ∈ R , gk ∈ Z ,
(i)
(i)
W
and pk ∈ R , whose elements are μck (the dual variable for
(i)
node ck at iteration i), gc(i)
k , and pck , respectively. The update
rule for the dual variables at iteration i is then

µ(i+1)
k

=

µ(i)
k






  p(i)
g(i)


(ν)
(i)
− qk µ  k(i)   k 2 ,
−  min q µ
ν∈{0,...,i}
p
 (i) 
gk 
k

(17)

where k = 3, 4, . . . , K, p is the average of elements in
p, · denotes Euclidean norm,  denotes element-wise
multiplication, and





w=1

μck+1 · · · +

+
ck+1 ∈Ck+1

μ cK
cK ∈CK

(18)

such that
W

ISw (k),ck = 1,

(Bk )

∀ ck ∈ C k .

w=1

Note that qk (µ(i) ) is implicitly obtained when using the
auction algorithm to enforce constraints on nodes in Ck .
Intuitively, this dual variable update approach can be
interpreted as follows. If, after fixing the schedule for clusters
C1 to Ck−1 , two or more slots have a given node in Ck as
their preferred choice in terms of interference conditions,
then the “price” of this node is increased in future iterations
of the algorithm. If there exist a node that no slot has as
its preferred choice, then the price of this node is reduced.
This way, solutions to the relaxed problem (11) that violates
constraints in (8) are penalized.
For further examples of this dual method, although in
a diﬀerent application, we refer to [18] and references cited
therein. A flowchart of the proposed algorithm is shown in
Figure 2.

No

Relax constraints
on C3 ,· · · ,CK

Remaining Cr ,
r = 4, · · · , K,
do: (a) compute V (r)
(b) fix schedule for Cr

Compute modified
utilities V (2)

Compute q(μ) using
the auction algorithm.
Fix schedule for clusters
C1 , C2

Gaps small
enough?

Compute primal

Fix schedule also for C3
using the auction
algorithm and modified
utilities V (3)

Compute
modified
utilities V (3)

Figure 2: Flowchart of the proposed algorithm.

5. Numerical Analysis and Discussion
5.1. System Setup. We consider a short-range clustered WSN,
where all transceiver nodes use BPSK signalling with a fixed
output power P. To simplify our simulations, shadow fading
is ignored and the average received power P i,k is modelled by
the log-distance path-loss model as follow:
P i,k = P0

V (k) (w, Sw (k))

max

{S1 (k),...,SW (k)}

Update multipliers according
to (17)



W

qk µ(i) =

Set μ = 0, choose
arbitrary feasible
schedule for C1

d0
di,k

α

,

(19)

where di,k is the distance between node i and sink k and
P0 is the average received power at distance d0 . In the
simulations, P0 /PN = 10 dB at reference distance d0 = 1 m
and the path-loss exponent is α = 4. All links are aﬀected
by Rayleigh fading with unit power gain, that is assumed
to be independent between links. We assume that thermal
receiver noise and interference are both Gaussian with zero
mean. A simple t = 5 bit error correcting block code
with block length L = 800 bits is used by all nodes. One
codeword is transmitted in each time slot, it occupies the
entire slot, and the cluster head uses hard-decision decoding
of codewords. All nodes are assigned one slot per frame, and
this slot assignment does not change between frames in the
simulation. We assume that the frame of cluster i starts at
global time T + ωi , where the synchronization errors {ωi }Ki=1
are i.i.d. zero-mean Gaussian with standard deviation σω . An
example network schedule with W = 3 slots and |Ck | = 3
nodes per cluster (k = 1, 2, 3) is shown in Figure 3, where sk,w
denotes the node in Ck scheduled in slot w, L is the number
of symbols per packet, and Ts is the symbol duration. We
remark that robustness to cluster synchronization errors
can of course be increased if guard intervals are introduced
between slots in the frame structure.
To emulate a network configuration where a clustering
algorithm, for example, LEACH [2], has been executed,
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ω3
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S2 (2)
S2 (3)
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S3 (2)
S3 (3)

S1 (1)
S1 (2)
S1 (3)

Figure 3: Example of cluster frames and synchronization errors.

we first manually deploy K cluster heads at coordinates
{(xi , yi )}K
i=1 . The node coordinates in the kth cluster is drawn
as |Ck | realizations from a circular Gaussian distribution
with mean equal to the coordinates of the kth cluster head
and standard deviation σR . The distance between cluster
heads, σR , α, and P0 /PN together determines the expected
SINR conditions in the network. For a fixed α and P0 /PN ,
a network with sparsely deployed cluster heads and small
σR on the average experiences less intercluster interference
than a network with more dense cluster heads and/or higher
σR .
For notational convenience, we define a constant transmission range R, which is the range where the packet
error rate (PER) goes above 10−2 in absence of fading
and interference. In all simulated scenarios discussed below,
cluster heads were deployed on the corners of a square with
side R, that is, at (0, 0), (R, 0), (0, R), and (R, R). Each of the
K = 4 clusters has 5 nodes, and there are W = 6 slots in a
frame, which implies that each cluster has one dummy node.
The proposed scheduling algorithm was run until the relative
duality gap Δ(i) ≤ 10−3 , see (16), or until a maximum of 300
iterations.
5.2. Convergence Properties of the Proposed Algorithm
and Some Remarks on Complexity. The convergence of
Lagrangian relaxation method that is used in this work is
only guaranteed if a strong duality property can be proven.
Since strong duality of the general method used here is still
an open problem in the literature, the convergence of this
application of the optimization method is not proven either.
Nevertheless, the dual function, defined in (11), provides an
upper bound to the primal which implies that even if the
algorithm fails to converge in some scenarios, the maximum
potential gain of an unknown optimal solution over the
best known schedule is always obtained. This result has
significant practical importance as it can be used to trade
performance for complexity, especially when working with
iterative scheduling approaches.
In this section, the convergence properties of the proposed algorithm are studied by extensive simulations. During
the simulations, the best achieved utilities U (1) , U (5) , and
U (300) after at most 1, 5, and 300 iterations, respectively,
were stored. An upper bound on achievable utility in each
network was also computed. This bound was computed
as (1 + Δ(300))U (300) , where Δ is the relative duality gap
defined in (16). To investigate the convergence properties
of the proposed algorithm, we computed the relative utility
diﬀerence (i) = (1/M)((1 + Δ(300))U (300) − U (i) )/U (i) ,

7

for i = 1, 5, 300. This diﬀerence indicates how close to
the optimal solution the algorithm is after i iterations. If
 = 0, then the optimal schedule has been found, while,
if  > 0, an average relative increase of  in utility per
node could possibly be achieved by additional iterations of
the algorithm. We define (0) to be the relative diﬀerence
between a random scheduling (with utility U (0) ) and the
upper bound.
The CDFs of (i), i = 0, 1, 5, 300, for cluster densities
σR = R/2 and σR = R/4, are plotted in Figure 4. We note
that the achieved objective function value is very close to
its upper bound after at most the maximum 300 iterations.
In fact, in our simulations, the (300) was almost always
less than 0.001. Hence, the algorithm performs well in
terms of convergence. Additionally, Figure 4 indicates that
convergence is quite fast, that is, the distance to the upper
bound is reasonably small already after only a few iterations.
The results obtained after a single iteration deserves
some special attention. It appears that a reduced complexity
“greedy” algorithm that only iterates once, that is, executes
K − 1 consecutive auction algorithms, can be used without
a significant degradation in performance. This conclusion
is of great importance in networks where complexity is
a limiting factor. The overall complexity of the proposed
algorithm mainly depends on W, K, and the number
of iterations the algorithm spends before termination. As
noted in Section 4.2, there are (W!)K diﬀerent feasible
schedules to consider. However, the proposed algorithm
only investigates a small subset of all possible feasible
schedules.
Empirical tests on a personal computer have indicated
that networks of up to K = 10 clusters, each with W = 7
nodes (e.g., the maximum number of slaves in a Bluetooth
network), are manageable with the proposed algorithm. The
part of the algorithm that introduces most complexity is the
search for V (2) (w, c2 ) in (11), which is implemented here
as an exhaustive search over the W K −2 possible relaxed slot
w assignments. If larger networks than K = 10, W = 7
is required, then more advanced search methods must be
considered.
Since all the nodes in every clusters are scheduled after
a single run of the algorithm, the update frequency of the
schedules depends only on the mobility, that is, the rate that
average powers vary. In the low mobility sensor networks
considered in this paper, the frequency of schedule update
is substantially lower than the schedule usage time and
therefore, the communication overhead cost of the proposed
algorithm in these scenarios is negligible.
5.3. Throughput in a Perfectly Synchronized Scenario. If the
network layout is such that the intercluster interference is
low, or the distance between node and sink is too long
for communication even in the interference-free case, the
benefits of using the proposed algorithm compared to just
using an arbitrary schedule should intuitively be quite small
(as an extreme case, consider a network where σR approaches
zero, or goes to infinity). To quantify this, 200 networks with
ωi = 0, i = 1, . . . , K, and R = 1.25 m were generated. The
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Figure 4: Algorithm convergence, (i) = (1/M)(((1 + Δ(300))U (300) − U (i) )/U (i) ).

1
σR = 2R
Pr{T < abscissa}

threshold was again set to Θ = 4.82 dB. Two schedules were
generated for each network layout, one using the proposed
algorithm, and one random but feasible schedule. For each
network and schedule, in addition to P e,m for all nodes, we
also compute the normalized network throughput T, given

by T = M −1 M
m=1 (1 − P e,m ).
The CDF of network throughput is plotted in Figure 5
for the two scheduling approaches and for three diﬀerent
cluster densities. As expected, the increase in throughput is
the highest when interference is significant, but SINR is still
suﬃcient for communication. The increase in throughput is
slim for scenarios where the overall SINR conditions in the
network are either very good, or very bad, compare with the
results for σR = R/8 and σR = 2R.
To investigate the impact of the proposed scheduling
approach on individual nodes, we also plot the CDF of
P e,m evaluated for all nodes in all networks (Figure 6). It is
interesting to note that the proposed algorithm reduces the
number of nodes with relatively high P e,m , at the expense of
nodes that have a P e,m closer to zero. Although this eﬀect is
not significant, it is noticeable for the case of σR = R/2.
As mentioned in Section 3, the utility measure in (7) does
not need to encompass all clusters. For instance, suppose we
control a number of node clusters that are deployed in the
vicinity of a number of “alien” clusters with a fixed TDMA
schedule that we have knowledge of, but cannot control.
We would like to maximize the packet delivery ratio in our
network, but we may not want to do so at the expense of the
“alien” clusters, that could for instance be a legacy system.
The impact on PER in clusters that are not accounted for
by the utility function was evaluated in 200 networks. The
parameters used in Figures 5 and 6, with σR = R/4, were
also used here. We assume that we can control the schedule
of clusters with cluster heads at (0, R) and (R, R), while
cluster heads at (0, 0) and (R, 0) choose a random feasible
schedule for the nodes in their corresponding clusters. In
Figure 7, the CDFs of P e,m in the controlled and uncontrolled
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σR = R

0.4

Random
Proposed
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T
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1
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Proposed algorithm σR = R/2
Random scheduling σR = R/2
Proposed algorithm σR = R
Random scheduling σR = R
Proposed algorithm σR = 2R
Random scheduling σR = 2R

Figure 5: CDF of network throughput T for random and proposed
scheduling.

clusters are compared. The CDF of P e,m in a network
where all cluster heads arbitrarily choose their schedule is
also shown. Somewhat surprisingly, we see that P e,m in
uncontrolled clusters does not diﬀer significantly from what
would be experienced if all four cluster heads would have
arbitrarily chosen feasible schedules. Hence, throughput in
the uncontrolled clusters is not significantly degraded by the
“smart” scheduling made in controlled clusters.
5.4. Packet-Error Rates with Cluster Synchronization Errors.
Up to now, we have assumed that clusters are perfectly
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Figure 7: CDF of P e,m when scheduling a subset of clusters.

1

Figure 6: CDF of P e,m for all nodes in all networks.

6. Conclusions
We have, by modelling interference as additive and Gaussian,
derived an expression for the packet-loss probability in
networks with mutually interfering clusters of transceivers
deployed in Rayleigh-fading environments. Computer simulations showed a good agreement between the model and
actual packet error-rates.
A scheduling algorithm for clustered wireless networks
that exploits the derived packet-loss model was then presented. Computer simulations of networks with transmissions scheduled by the proposed algorithm showed that a
significant increase in network throughput is achievable as

Pr{T < abscissa}

synchronized in time, so that all slots begin and end
simultaneously. We have also neglected the propagation
delay between nodes in the network when computing
the instantaneous SINR. Obviously, these assumptions will
not hold in a real network. We therefore investigated the
impact of cluster synchronization errors on throughput
in 400 networks with the same setup as in Section 5.3.
To account for synchronization errors and varying propagation delays, zero-mean Gaussian synchronization errors
{ωi }K
i=1 with standard deviation σω were introduced (see
Figure 3). The CDF of network throughput is plotted in
Figure 8 for σR = R/2. As expected, synchronization
errors reduce network throughput when using the proposed
algorithm, but also when using a random schedule. Note
that, even for relatively large errors, for example, σω =
40Ts (corresponding to a relative error standard deviation
between two clusters of 80Ts , which is 10 percent of the
packet duration), the degradation is not overly severe, and
we see a significant gain in throughput over a random
scheduling. Simulation results not shown here also indicated
that the robustness to synchronization errors is higher in
networks with better SINR conditions, for example, for σR =
R/4.

Random
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T
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Figure 8: CDF of network throughput T, with synchronization
errors.

compared to the case where clusters choose schedules independently without considering the schedules at interfering
clusters. Although the scheduling algorithm was derived
under the assumption of a perfectly synchronized network,
we have shown that a synchronization error on the order
of several symbol durations does not degrade the algorithm
performance significantly.
Numerical results indicate that convergence to the
optimal schedule almost always occur with a reasonable
number of iterations. Hence, the proposed algorithm can be
used as a tool for benchmarking the performance of other
(suboptimal) scheduling algorithms.

Appendix
Packet-Loss Probability
Without loss of generality, let the node Sw (1) transmit
to the sink in C1 . For notational convenience, let γ0 =
Θ(PN1 /P Sw (1),1 ), γ j = Θ(P Sw ( j),1 /P Sw (1),1 ), and A = γ0 +
K
j =2 γ j a j , where a j denotes the fading coeﬃcient from the
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node Sw ( j) to the sink in cluster 1, that is, κSw ( j),1 . Starting
from (2), we have
[10]

Ploss (k, Sw )
= Pr{Γ(k, Sw ) < Θ} = Pr{a1 < A}
⎛
⎞
∞
∞ A
K
⎝
=
···
exp − ai ⎠da1 · · · daK
aK =0

=

∞
aK =0

a2 =0

···

= 1 − e−γ0

a2 =0

aK =0

e

exp⎝−

i=1
K

⎞


ai ⎠ 1 − exp(−A) da2 · · · daK

1 + γj

[12]

i=2

e−(1+γK )aK · · ·

−γ0

= 1 − K 
j =2

⎛

∞

∞

a1 =0

[11]

∞
a2 =0

e−(1+γ2 )a2 da2 · · · daK

,

[13]

[14]

(A.1)

[15]

where we have used the assumption that the fading coeﬃcients are i.i.d.
 ∞with unit mean. The last equality follows from
the identity 0 e−ax dx = a−1 , that holds for a > 0.

[16]
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